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TWO METHCDS OF INVERTING MATRICES
A. H. LIGHTSTONE, Queen’s University

1. Introduction. The problem of computing the inverse of a nonsingular
matrix has widespread applications and so new methods of attacking this prob-
lem need no apology. Here, we shall present two methods of computing 4!
where 4 is a nonsingular # X # matrix. The first method produces each column
(or row) vector of A—!; the second method produces 4! itself. Our first approach
utilizes the adjoint of 4, i.e., (44)! where 4 is the cofactor of (7, j) in 4; this is
particularly interesting because the adjoint representation of an inverse is
thought to possess only theoretical value, not computational value. Our second
approach exploits the relationship between A—! and B~! where B is a matrix
obtained from 4 by applying a permitted row-reduction operation. Both meth-
ods flow from algebraic properties of a generalized cross product; this is a
straightforward generalization of the vector (or cross) product of Vs(R).

2. A generalized cross product. First, we present the usual cross product of
Vs(R). Let {a, B} CR; (i.e., let o« and B be ordered triples of real numbers) and
let M be a 3 X3 matrix such that M=o« and M;=p. (Here M; denotes the sth
row vector of M, whereas ;M denotes the sth column vector of M). Then by the
cross product of a and 8 we mean the ordered triple whose terms are the cofactors
of (1, 1), (1, 2), and (1, 3) in M. This vector is denoted by aX3. We now general-
ize this mapping; by a t-vector we mean an ordered ¢-tuple of scalars.

DEFINITION 2.1. Let n>1, let (o, - - -, a,) be any ordered (n—1)-tuple of
n-vectors, and let M be an nXn matrix such that M=o, 1=2, - - -, n. By the
cross product of as, + + + , o, we mean the n-vector whose ith term is the cofactor of
(1,2)im M,1=1, - - -, n. This vector is denoted by X (ag, - - * , o).

Notice that X is a mapping that associates an n-vector with each ordered
(n—1)-tuple of n-vectors, whenever # is a natural number greater than 1. This
is something like the mapping det; det associates a scalar with each ordered
n-tuple of #-vectors, whenever & N. Moreover, X and det possess similar prop-
erties. The following properties of X flow from corresponding properties of det.

LEMMA 2.1. Let oy, + + - , oy be any (n—+1)-vectors and let v be any transposition

of {1, ce ,n}. Then X(ctyay, * * *y Qymy) = — X, = =+, An).
Lemma 2.2, Let o, + + -, @y be any (n-+1)-vectors and let k be any scalar. Then
X(al’ « e . ’kar’ DY yan)'—:kx(aly P ,ar’ o« e . ,an)_
LEMMA 2.3. Let o, - - -, o be any (n-+1)-vectors and let v and s be distinct
members of {1, - -+, n}. Then
X(al,"',ar-l-ag,"',an) = X(a1,°",ar,"',an)-
rth term

In view of these results we can simplify the computation of a cross product
by first row-reducing the matrix whose row vectors are the vectors involved in

1
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the cross product, keeping track of all row interchanges and scalar multiplica-
tions. Preferably, we shall avoid row interchanges and shall reverse all scalar
multiplications; we can carry this out conveniently by using Lemma 2.4, which
follows, in place of the preceding lemmas.

LeEmMmA 2.4: Let o, - - -, @, be any (n-+1)-vectors, let k be any scalar, and let v
and s be distinct members of {1, cee, n} Then
X(al,...,ar—[—kas’...’an): X(al’..-,a"...,an)_
rth term

Our procedure is to row-reduce by applying Lemma 2.4; of course, the re-
quired cross product is found from the reduced matrix by computing cofactors.
We now illustrate our technique.

Example 1. Compute X((1, —2,2,1), (2, —5,4,1),(—1, —2,0, 1)).
Solution. After several applications of Lemma 2.4 we find that
1 -2 2 1 1 0 0 -3
{ 2 -5 4 1|~|0—-1 0 —1j.
l—1 -2 o0 1J 0 0 2 6

Thus
X ((1, —27 27 1)7 (2) _57 4, 1)) (_1: _27 07 1))
= X ((17 07 07 '—3)7 (07 —1) 0; '—1)7 (03 07 2, 6)) = (67 —27 '_6$ 2)

We mention that X(ai, * - -, a,) is orthogonal to each of its arguments.
Moreover, given thatay, - - - , a, are distinct (n-+1)-vectors, X (o, - * +, @) =0
iff {al, cee ,cx,,} is linearly dependent.

3. Computing the column vectors of an inverse. Now that we possess a
simple method of computing cross products, we can exploit the classical expres-
sion for the inverse of a matrix 4 in terms of its adjoint, namely

1 A1 = — (Ay)?
where A4;; is the cofactor of (7, j) in 4. Of course, our ability to compute cross
products endows (1) with computational value. The following results are

evident.

TaEOREM 3.1. Let A be any nonsingular n Xn matrix. Then

1 —1
1141"'1 = —X Az,"',An,g A7) =——FX AI,A&"';An)"")"(A‘l)
(47 = X )4 =T X
(=

_——IAI—X(AI,~-,A"~1>-


http://www.jstor.org/page/info/about/policies/terms.jsp

1968] TWO METHODS OF INVERTING MATRICES 3

THEOREM 3.2. Let A be any nonsingular n Xn matrix. Then
1 -1
(A_l)l =—X (L’A’ coe ’nA)) (A~l)2 = X(1A9 3A’ ) nA)’ R ]
4 | 4]

(=1

Tl

X(IA) T )n——lA)-

These results are valuable because they enable us to compute each column
(or row) vector of the inverse of a nonsingular # X# matrix by row-reducing an
(n—1) Xn matrix. A standard method of computing inverses involves row-
reducing one #X2x# matrix. From the viewpoint of an automatic computer the
advantage of the present method is its economy of memory (think of # as large).
The idea is to use a computer to calculate each cross product. Of course, IAI is
easily calculated since [A] =A41-X(4s, - - -, An), a dot product. We illustrate
this technique taking # small, n=3.

Example 2. Calculate A~ where

1 0 2
4=|-1 1 1].
0 2 5

Solution. We compute 1(471), 2(4~1), and 3(4~1) in turn. Now
(—1 1 1) (—1 0 —1.5) )
0 2 5 o 2 5/’
s0 X(( -1, 1, l)y (Oa 2, 5)) = (Sy 5, - 2), thus l(A—l) = - 1(3» 5, — 2)

=(—3, —5, 2). Considering
(1 0 2>
0 2 5

we see that X ((1, 0, 2), (0, 2, 5))=(—4, —5, 2); thus (471 =(—4, -5, 2).

Finally,
( 1 0 2) (1 0 2)
-1 1 1 o 1 3/’

so X((1,0,2), (—1,1,1))=(—2, —3, 1); thus ;(4~1) = (2, 3, —1). We conclude
that

-3 —4 2
41 = -5 -5 3|
2 2 -1

4. A second method of computing inverses. Let 4 be a nonsingular matrix
and let B be a matrix obtained from 4 by applying a permitted row-reduction
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operation, i.e., B is obtained from 4 by one of the following operations:

(i) Interchange two row vectors.

(i) Multiply a row vector by a nonzero scalar.

(iii) Add one row vector to another row vector.
We wish to pin down the relationship between A~ and B~!. Using Theorem 3.1
and the lemmas of Section 2 we easily verify the following statements.

LeMMA 4.1. Let B be obtained from a nonsingular matrix A by interchanging
A, and A, Then the column vectors of A= can be obtained from the column vectors
of B~ by interchanging .(B~Y) and ;(B~Y).

LeEMMA 4.2. Let B be obtained from a nonsingular matrix A by replacing A, by

kA,, where k#0. Then
k(B™Y) ifi=r
{(B~Y)  otherwise.

= {

LeMMA 4.3. Let B be obtained from a nonsingular matrix A by replacing A, by
A,+ A, where r #s. Then
(BN F+A(BY) ifi=3s
wr0={( )+ ABY i =
{(B™Y) otherwise.
LEMmMA 4.4. Let B be obtained from a nonsingular matrix A by replacing A, by
A,+EkA,, where r#=s. Then
(BN + k(BY) ifi=s
4¢ﬁ={( )+ kB i =
(B otherwise.
The idea is to row-reduce a given matrix, say 4, until we obtain a matrix,
say B, whose inverse is known. By use of the preceding lemmas, the row opera-

tions that produce B generate a sequence of column operations that produce
A~ from B~ Now a square matrix of the form

1 0 O 0
0 0 0 12
0o 1 0 0
0 0 -4 0

in which each row and column has exactly one nonzero entry, is readily in-
vertible. Indeed, its inverse is obtained by replacing each nonzero entry by its
reciprocal and transposing the resulting matrix. For example,

1t o o0 o0
0 0 1 0
0 0 0-—1/4

0 1/12 0 0

is the inverse of the above matrix. This observation makes it possible to simplify
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our row-reduction procedure by using only Lemma 4.4. We choose a nonzero
entry from 14 and use it to transform the remaining entries of 14 into zero; this
requires #—1 row transformations of the type involved in Lemma 4.4. So, by
this lemma, 4! can be obtained by adding to the first column vector of the
inverse of the resulting matrix, a linear combination of its other column vectors.
We repeat the procedure on the remaining columns of the resulting matrix, using
as our “pivot” an entry from a row not previously used in this capacity. So we
obtain a matrix of the form displayed above, whose inverse we can readily com-
pute. Systematically modifying the column vectors of its inverse (by adding a
linear combination of its other column vectors) we obtain 41

There are two items that we must record during the reduction process:

a. the pivotal entry for each column

b. the multipliers used to reduce the column.
We shall use an #X# matrix to record this information, circling the pivotal
entries. Let us illustrate our technique.

Example 3. Compute

0 2 5
i 0 2.
-1 1 1

Solution. Our first pivot is the entry in (2, 1); the second pivot is the entry in
(3, 2) of the resulting matrix; the third pivot is the entry in (1, 3) of the resulting
matrix. We now display the row-reduction steps:

0 2 5 0 2 5 0 0 -1 0 0 -1
4= 1 0 2/{~J1 O 2|~|1 O 2{~|1 O O|=3A
-1 1 1 0o 1 3 0o 1 3 0 1 0

The key data is recorded in the following matrix:

0 -2 &)
(2) ®» o 2 |
1t @O 3

This means that:

a. Theentry in (2, 1) of 4 is the pivot for the first column; the entry in (1, 1)
transformed into 0 by multiplying the pivotal row by 0 and adding to the first
row; the entry in (3, 1) is transformed into 0 by multiplying the pivotal row by
1 and adding to the third row.

b. The entry in (3,2) of the resulting matrix is the pivot for the second
column; the entry in (1, 2) is transformed into 0 by multiplying the pivotal row
by —2 and adding to the first row; the entry in (2, 2) is transformed into 0 by
multiplying the pivotal row by 0 and adding to the second row.

c. Theentry in (1, 3) of the resulting matrix is the pivot for the third column;
the entry in (2, 3) is transformed into 0 by multiplying the pivotal row by 2 and
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adding to the second row; the entry in (3, 3) is transformed into 0 by multiplying
the pivotal row by 3 and adding to the third row.
We shall use this information to get A~! from B~1. Observe that

0 0 —1)! 0 1 0
Bl'=|1 0 0 0 0 1|=cC.
0 1 0 -1 0 0

I

Now, the entries in the last column of (2) direct us to replace i1C by
1C+2 2C+3 ;C. This yields

[ 2 1 0
D = 3 0 1.
-1 0 O
Considering the second column of (2) we replace ;D by 3D —2 1D; we obtain
2 1 -4
E = 3 0 —5§.
-1 0 2

Finally, in view of the first column of (2), we replace :E by sE-3E; the
resulting matrix is

2 =3 —4
3 =5 =35|.
-1 2 2

By Lemma 4.4, this is the required inverse.

It is convenient to carry out the required column modifications in the manner
of an automatic computer, actually erasing the column involved and replacing
it by the modified column. Alternatively, this can be achieved by exhibiting a
single, modified matrix directly under the initial inverse.

Example 4. Compute

1 0-1 o0)1
2 0 0 3
0 1 1 O
0 2 0 O

Solution. First, we row-reduce the given matrix:

f1 0 —1 0] i 0-10 1 0—-1 0 10 0 3/2
2.0 0 SIN 00 2 3 - 00 2 3 - 0 0 2 3
01 10 01 10 01 10 01 0—-3/2
02 0 0] 02 00 0 0-20 0 00 3
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The key data is recorded in the following matrix:
@® o 172 -1/2

-2 0 (2 -1
0o @O -12 172
0 -2 1 (3

Accordingly, we modify the columns of the following matrix in the order
4,2,3,1:

(1 0 0 0 (1 0 1 —1/2
0 0 1 0 0 0 1/2}
0 1/2 0 o} 0 0 1 —1/2|
0 0 0 1/3 —2/3  1/3 —2/3 1/3).

The preceding matrix is the required inverse.

Finally, we mention that the relationships contained in the lemmas of this
section can be established by observing that a row-reduction operation can be
achieved by premultiplying by a suitable elementary matrix. The fact is, how-
ever, that the algebraic properties of X strongly suggest the existence of the
simple relationships contained in these lemmas; whereas to the extent that they
lack a developed algebra, elementary matrices fail to be suggestive.

SOME GENERALIZATIONS OF WYTHOFF'S GAME
AND OTHER RELATED GAMES

JOHN C. HOLLADAY, University of California, Irvine

Wythoff’s game, described below, although not as well known as Nim, has
nevertheless attracted a considerable degree of interest. It has probably been
a major stimulus for the study of complementary sequences. When it was first
presented by Wythoff [1], its analysis was given only inductively, that is, as
complementary sequences with specified differences. It wasn’t until later that
its analysis was expressed in closed form [2].

A position in Wythoff’s game consists of two nonnegative integers, which
may be thought of as piles of counters. A move by either of the two players con-
sists of either (a) reducing the size of but a single pile or (b) reducing both piles
by the same amount. The player leaving no counters after his move wins the
game.

It is well known that for games with this kind of symmetry (i.e., both players
make the same type of moves) in which the terminal player wins, positions may
be categorized as safe or unsafe. A perfect player is insured of a win if he is left
an unsafe position or if he leaves his opponent a safe one. A dichotomous label-
ing of positions as safe or unsafe is the one that satisfies the above defining
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properties if and only if it satisfies the following two requirements:

(1) For each unsafe position, there exists a move that yields a safe position.

position. Note that this requirement implies that a final position is safe.

(2) Any move from a safe position leads to an unsafe position.

(A proof of this is presented in [3].)

Let Gi, G, and G; be three (not necessarily different) such termination
games. Let the games have the same set of possible positions. Let any admissible
move in G; be admissible as a move in G,. Similarly, let any move in G, be a
move in G;. Then in view of the above, it is easily seen that a labeling of posi-
tions as safe or unsafe is valid for all three games if and only if (1) is valid for
G: and (2) is valid for G;.

For each of the games of this paper, a position consists of two piles. A non-
negative integer k is assumed to be given and for each type of game, a value of
k defines a specific game. In describing moves, the numbers x and y refer to the
sizes of the piles before the move and x* and y* to their respective sizes after
the move. In all of the games, the ordering of x and y is unimportant in that a
transition from (x, y) to (x*, ¥*) is a valid move if and only if one from (y, x)
to (y*, x*) is also a move. Hence, the set of all safe positions is fully character-
ized by specifying the set of those safe positions (x, v) satisfying the condition
x=9.

The following four games, A, B, C, and D all have the same set of safe posi-
tions. Game A has been singled out for attention because it seems to be aes-
thetically more appealing, due in large part to how simply it is defined. Under
each game is listed the types of moves permitted for it. A type of move is de-
fined by the set of requirements that such a move must satisfy. For each type of
move, the requirements for such a move are stated verbally. Then they are
repeated in terms of equations and inequalities that x* and y* must satisfy.

Game A:

Type 1. Take from either pile but not from both. x*=x and y* <y or y*=4y
and x* <. :

Type 2. Take from either or both piles, but do not take more than & more
counters from one pile than from the other. x*<x and y*=<v; x*+y*<x-+y;

| @ —2*) — (y—3*)| <.

Game B:

Type 1. See above.

Type 3. Take from one or both piles, but do not take more counters from
the smaller pile than from the larger pile. Also, do not take more than k more
counters from the larger pile than from the smaller pile, or enough more that a
largest pile becomes the smaller pile. x* <x and y*=<y; x*+y*<x+y. If x=<y,
then x*=<y* and y—y*—k=x—x*<y—y* If y<x, then y*=<x* and x—x*—k
Sy—y*=sx—x* ‘

‘Game C:
Type 1. See above.
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Type 4. Take from the piles and arrange the remaining counters so that the
change in size of one pile does not differ from the change in size of the other
pile by more than % counters. x*+y* <x+v; | (x—x*) — (y—y*)| <k.

Type 5. Leave the same total number of counters, but make the position
more lopsided. Equivalently, move one or more counters from a smallest pile
to the other pile. x*+y*=x+y; |x*—y*| > |x—y].

Game D:

Type 1 or Type 4. See above.

Type 6. Leave the same total number of counters, but make the position less
lopsided. x*+y*=x-+y; | x*—y*| <lx—y|.

It is asserted that the safe positions are the same for all four games. Also, it
is easily seen that any move in B is a move in A and that any move in A is a
move in either C or D. Hence, to prove this assertion and to demonstrate a
characterization of which positions are safe, it is sufficient to show the following
two requirements:

(1)s For each unsafe position, there exists a move in Game B that yields
a safe position.

(2)c,p Any move of Game C or D from a safe position leads to an unsafe
position.

For either A or B, Wythoff’s game is obtained by setting % equal to zero.
Note that the moves of C and D cannot be combined to form an even less re-
strictive termination game since the play of such a game need never terminate.
However, a perfect player on being left an unsafe position, could insure himself
of a victorious termination in the game combining the moves of C and D by
restricting himself to winning moves of T'ypes 1 and 4.

Let two sequences a(-) and b(-) be defined inductively as follows: For >0,
a(n) is the smallest positive integer not contained in the set {i|4=either a(j) or
b(j) for some 0<j<n}. Let b(z) be defined by

(3) b(n) = a(n) + (k + n.

In other words, a(-) and b(-) are those complementary, monotonic increasing
sequences that satisfy (3). Also define ¢(0) =5(0) =0. Then the set of safe posi-
tions for games A, B, C or D are of the form (a(»), b(z)) and (b(n), a(n)) where
n ranges over the set of nonnegative integers.

To show that (1) holds for Game B, let (x, ¥) be some unsafe position.
Without loss of generality, let x <vy. Then for some #, either

@ a(n) S b(n) = x = y 5 a(n)

or

5) a(n) =x and y > b(n)

or

(6) a(n) =x =y <bn) =x4+ (k+ )n.

In case of (4), a transition to the safe position (x, a(n)) is a move of Type 1.
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In case of (5), a transition to the safe position (x, b(n)) is a move of Type 1.
In case of (6), define m <# as that integer such that

) E+m=y—x< &+ Dm+1).

Then a transition to the safe position (a(m), b(m)) is a move of Type 3.

To see that (2) is valid for games C and D, note first that because a¢(-) and
b(-) were complementary, the following is true: If both (x, ) and (x, z) are
safe positions, then y=2. Therefore, moves of T'ype 1 send safe positions into
unsafe positions.

If m and » are nonnegative integers, then, from (3), if

(8) | 6(m) — a(m) — b(n) + a(n) | < &,

then m =n. Therefore, moves of Type 4 send safe positions into unsafe positions.
Since both a(-) and b(-) are monotonic increasing sequences,

) a(m) + b(m) = a(n) + b(n)

implies that m =#u. Therefore, moves of T'ype 5 or 6 send safe positions into
unsafe positions.

Explicit formulas for the sequences a(-) and #(-) for characterizing safe
positions in A, B, C and D are given by

(10) a(n) = [(1 — k+ V(& + 1)*+ 4)n/2]
and
(11) b(n) = [B+ k+ V(E+ 1)+ 4)n/2)

where for 7 a real number, [r] is defined as that integer such that [r]=<r<[r]
+1. These formulas may be obtained from Beatty’s result, [4], or from [5]
(Example 1 of Section IV; set a=(k+1)/2 and $=0).

The remaining games to be discussed in this paper are as follows, with more
attention being focused on Games E, F and G. Shortened verbal definitions of
moves of Types 1, 5, and 6 are repeated for convenience.

Game E:

Type 1. Take from any one pile.

Type 7. Take from either or both piles, but do not take a total of more than
E counters. x*<x and y*=<y; 0< (x+y) — (x*+y*) Zk.

Game F:

Type 1. See above.

Type 8. Take no more than k counters, and arrange the remaining counters.
0<(x+y)—(*+y*) sk

Game G:
Type 1 or 8. See above.
Type 5. Make the position more lopsided.
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Game H:
Type 6. Make the position less lopsided.
Type 8. See above.

Game I:
Type 1, 6, or 8. See above.

Game J:

Type 5 or 8. See above.

The two games, E and F, have the same set of safe positions. Namely, a
position (x, v) is safe if and only if for some # =0, either

(12) x=y=(k+ n
or
(13) 2> k+Dn, y>(k+1r and 2+ y=(k+ 1)2n + 1).

Note that when £=0 or 1, all moves are of T'ype 1 and the game degenerates to
two-pile Nim.

To show that (1) is valid for the more restrictive Game E, let (x, y) be
any unsafe position. Without loss of generality, let x<y. Define n as that
integer such that

(14) F+D)n=x<((+Dx+1).

Then either

(15) z=Ck+On<y

or

(16) x> (k+Dn and z2+y< F+ D2+ 1)
or

) x> (k4 n and x+9y> F+ 1)2n + 1).

In case of (15), a move of T'ype 1 may be made to the safe position ((k-++1)z,
(B4+1)n). In case of (16), a move of T'ype 7 may be made to this same safe posi-
tion. In case of (17), a move of Type 1 may be made to the safe position
(x, (k+1)(2n+1) —x).

To see that (2) is valid for the less restrictive Game F, note that for each x
there is only one y such that (x, y) is safe. Hence any move of 7ype 1 changes a
safe position to an unsafe position. Also, whenever (x, y) is safe, x+y=0
(mod k+1). Therefore, any move of T'ype 8 changes safe positions into unsafe
positions.

It is easily seen that when £=<2, no move of Type 5 may change any safe
position for Game F into another one. Therefore, when k <2, the safe positions
for Game G are the same as for Game E or F. However, when 2> 2, a transition
from the safe (for Game F) position ((k+1)n-+2, (k+1)n+k—1) to the safe
position ((k4+1)n+1, (k+1)n-+k) is a move of Type 5. So when k> 2, the set
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of safe positions for Game G must be different from the set for Game E or F.
Whenever k=3, there exists a unique pair of complementary increasing
sequences p(+) and ¢(-) such that for each #>0,

(18) p(n) < q(n) = (k+ Dn — p(n).

Furthermore, the values of p and ¢ are given by the following expressions:
(19) pm) = [((B+ Dn+1—(&+ 1)(kn — 3n + 2)n)/2].
(20) gm) = [((k + D+ 1+ /(& + 1)(kn — 3n + 2)n)/2].

These results are obtained from [5] (Example 3 of Section IV; set a= (¥ —1)/2
and 8=1/2). Extend the definition of () and ¢(-) so that $(0) =¢(0) =0. Then
it will be shown that the safe positions for Game G are the positions of the form
(p(n), g(n)) or the form (g(n), p(n)).

To show that (1) holds for G, let (x, ¥) be any unsafe position. Without loss
of generality, let x <y. Then for some # =0, either

(21) x=p(n), 3> qn)
or

22) x=p(n), y<q)
or

(23) x = g(n).

In case of (21), the safe position (x, ¢(n)) is obtainable by a move of Type 1.
In case of (22), the safe position (x*, y*) is obtainable where

(24) o = p([(x 4+ 9)/E+ D] and y* = g([(x + /& + D).

If x4+y=0 (mod k+1), the move to (x*, *) is of Type 5, but if x+y#0 (mod
k1), the move is of Type 8. In case of (23), the safe position (¢(n), p(n)) is
obtainable by a move of Type 1.

To show that (2) holds for G, let (x, ¥) be any safe position. Since $(-) and
g(+) were complementary sequences, no move of Type 1 applied to (x, ¥) may
yield another safe position. Item (18) implies that the only other safe position
having the same pile sum x+7 is (y, x). Hence, no move of Type 5 may change
(x, v) to another safe position. Also, (18) implies that x4+y=0 (mod k-1).
So no move of Type 8 may yield another safe position.

When k=1, a position (x, y) is safe in either Game H or Game I if and only
if for some =0,

(25) min (%, ) = [(¢ + )n/2] and max (x,y) = (¢ + 1) — min (%, ¥).
For Game J, a position (x, y) is safe if and only if for some 220,
(26) min (x,9) = 0 and max (x, y) = (¢ + Vn.

The proofs of the statements of this paragraph, which are straightforward
applications of (1) and (2), are left as exercises for the reader. For Games H
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and J, when k=0, let any player faced with a position for which there is no
move lose. Then even when £=0, (25) and (26) characterize the safe positions
for Games H and J respectively. If =0, a position (x, ¥) is safe in Game I if
and only if x=y.
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RECURRENT SEQUENCES AND PASCAL’S TRIANGLE
THOMAS M. GREEN, Contra Costa College

A. Introduction. The Fibonacci sequence can be found by summing the
terms on successive “diagonals” of Pascal’s Triangle [1]. J. Raab [2] generalized
this procedure to show other sets of parallel diagonals generating different re-
current sequences. This generalization is essentially the same as Phase One in
what is to follow. The purpose of this paper is to show that there exist infinitely
many more recurrent sequences within Pascal’s Triangle by summing the terms
on diagonals of different slopes. Each sequence shall be of the type such that
each term is the sum of {wo former terms. There is also a unique relationship be-
tween just what two terms are involved and the slope of the diagonals being
considered.

For this purpose it is convenient to arrange the terms of Pascal’s Triangle
on the point-lattice determined by the nonnegative integral points of a rectangu-
lar coordinate system. (See Figure 1.)
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With this arrangement the coordinates, (x, ¥), of the lattice point uniquely
determine the location and value of a Pascal number (?). The value is seen to be

Aw ()=

since #=x+v and r=1v (or x, because of the symmetry involved).
B. Phase one. Consider the linear equation

B(1) xt+y=mn forn=0,1,2,---.

This equation represents the nth row (diagonal) of Pascal’s Triangle. If we
sum the Pascal numbers on each row determined by B(1) for successive values
of n, we obtain the sequence

B(1.1) 1,2,4,8,---,2% - ..

whose recurrence relation is given by

B(1.2) P, = Ppy+ Puy,

where Py, Py, + - -, P,, - - - denote the terms of the sequence, and the formula

for the nth term is given by

e (x+y)! (0
B(1.3) P, =2 = Zﬁ—y)= > .
e=0y=0 %!-y! r=0 \7
r4+y=n

(Note: the nth term is the term formed by summing all of the Pascal num-
bers on the line x+y=# and, if we were counting the terms, this term would
actually be the (z+1)th term in the sequence.)

The sum of the first # terms of the sequence is given by

n—1
B(1.4) > Py=P, —1.

k=0

Now consider the linear equation
B(2) e+ y=mn forn=0,1,2,---.

This equation represents the nth diagonal referred to above used to obtain the
nth Fibonacci number. By summing the Pascal numbers on each diagonal de-
termined by B(2) for successive values of 7 (see the dotted lines, Figure 1),
we obtain the sequence

B(2.1) 1,1,2,3,5, -+, F, -+ -
whose recurrence relation is given by
B(2.2) Fo, = Fupo-+ Fu_s.

The formula for the nth term is given by
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[n/2].n (4 + ! [n/2] n—r
B(2.3) [ S/

z=0,y=0 x!-y! r=0 r

2z4-y=n

where [ ] denotes the greatest integer function and the sum of the first # terms
of the sequence is given by

n—1

B(2.4) > Fp= Fppy — 1.

k=0

Next consider the linear equation
B(3) I+ y=mn forn =0,1,2,---.
In a way similar to that used above we establish the sequence
B(3.1) 1,1,1,2,3,4,6,9,---,G,, - -
whose recurrence relation is given by
B(3.2) Gn = Gu3 + Gp-1.

The formula for the n#th term is given by

[n/3].n X + ! [n/3] n — 2’»
B(3.3) Go= 2. _(_y_)_ = >

2=0,y=0 x!y] r=0 r

3z+ty=n

and the sum of the first » terms of the sequence is given by
n—1
B(3.4) > Gi = Gpypa — 1.
k=0
Now consider the linear equation
B() jet+y=mn forn =0,1,2,--- andj=1,23 ---.

This equation, by the procedure referred to above, establishes a sequence whose
recurrence relation is given by

B(.2) Thn=Thj+ Tu
The formula for the nth term is given by

iilm (x4 y)!  [a/] — (-1
z(x”==z(”“ »)

r

B(j.3) T, =
z=0,y=0 x! ' y ! r=0
jzt+u=n

and the sum of the first # terms of the sequence is given by

n—1

B(j.4) > Ti= Turg-p — 1.

k=0

For a proof of B(j.2) and B(j.4), see E(a.2) and E(a.4).
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C. Phase two. In Phase One each linear equation had the coefficient pair
{j, 1), giving rise to infinitely many recurrent sequences. We now consider any
coefficient pair (j, 2), determining the following equations:

CcQ) x+2y=mn
C(2) 2+ 2y=m=n
C(3) x4+ 2y=mn forn=20,1,2,....
) a2y =n

Several of these are equivalent to cases already discussed, namely,

(i) any coefficient pair {a, &) will yield the same sequence and recurrence
relation as the pair (b, a), because of the symmetry of the Pascal Triangle about
the line y=%;

(ii) any coefficient pair {(a, b) presupposes the fact that ¢ and b are relatively
prime, since if they are not, then two possibilities occur. Either the equation will
be reduced by dividing thru by the greatest common divisor or it will be such
that the given value of # will not be divisible by the g.c.d. of a and b. If the
equation is reduced, it will have been treated in an earlier phase, and if the
equation cannot be reduced, there will be no integral solutions (see [3]), and
thus no sequence will be determined;

(iii) even when a and b are relatively prime, there will be cases where
ax+by=n will not have nonnegative integral solutions. This means that for
those particular values of #, the recurrent sequence derived from ax-+by=n
will have zero as a value for those #th terms in the sequence, since there will be
no Pascal numbers to sum. Thus we establish the following useful

LemMA. The equation ax—+by=mn, where a, b, and n are nonnegative integers
and ab#=0 and (a, b) =1, will not have nonnegative integral solutions when n=ab
— (ja+kb), where j, k=1,2,3, - - -.

Proof. Assume n=ab— (ja+kb) so that ax-+by=ab—ja—kb with nonnega-
tive solution (x, ). Thus a(x+j)+b(y+k)=ab. Let X=x-+j and V=y-+k;
then ¢ X+bY =ab. It is important to note here that both X and Y, as well as
both @ and b, are greater than or equal to one. We can now transform the above
equation tob=X~+0Y)/a or b—X =(bY)/a. Now b— X is an integer; therefore
a divides Y since ¢ and b are relatively prime. Suppose Y/a=7 so that Y =ar.

Similarly we can show that ¢ — ¥ = (¢X)/b and hence conclude that b divides
X. Suppose X/b=s so that X =bs. Then, by substitution, we have abs—+abr
=ab or ab(r+s) =ab. Therefore r+s=1. But both » and s are greater than or
equal to one; therefore we have a contradiction.

Thus, in view of the above discussion, the first new case in Phase Two is
C(3):

C(3) x4+ 2y=mn forn=0,1,2,..-.

By summing the Pascal numbers on each diagonal determined by C(3) for
successive values of # we find that there is no positive integral solution for n=1,
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since, 1=3-2—(3+42) as predicted by the lemma; therefore the sequence is
C(3.1) 1,0,1,1,1,2,2,3,4,5,7,9,12,  « -, Hy, - - -

whose recurrence relation is given by

C(3.2) H,= Hy s+ Hyus.

The formula for the nth term is given by

[n/8],[n/2] !

C(3.3) H, = 2 M_ .

z=0,y=0 x'y'

3z+2y=n

A formula for H, in terms of # and 7 could also be given; however, it actually

requires two formulas and, in general, the formula will require b different repre-
sentations, one for each of the different values in the residue class of # (mod b).
Phase Three will need three formulas, etc. More will be said about this in the
discussion of the general phase.

The formula for the sum of the first # terms of the sequence is given by

7n—1

C(3.4) > Hy= Hyppo+ Hpypy — 1.
k==0
Now by similar considerations of the next new case,

C(5) Sx+2y=mn forn =0,1,2,-- -,

we find that there are no solutions for =1 and #=3, since 1=5-2—(5+2-2)
and 3=5-2—(542). Hence, by summing the Pascal numbers on each successive
diagonal determined by C(5), we obtain the sequence

C(5.1) 1,0,1,0,1,1,1,2,1,3,2,4,4,5,7, 7,11, 11, - - - [ I, -~ -
whose recurrence relation is given by
C(5.2) In= I+ Ins
The formula for the nth term is given by
[n/5),[n/2] (g - !
_ e (o)1

2==0,y=0 x!- y’
bz4-2y=n

C(5.3) I,

and the sum of the first # terms is given by

n—1

C(5.4) DIy =Inps+ Inys — 1.
k=0
Now consider the general case of Phase Two,
C@) jx 42y ==n forn =0,1,2,- - andj=1,2,3,---.
This equation establishes a sequence whose recurrence relation is given by

C(G.2) Tp=Twj+ Trhos
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The formula for the nth term is given by
/il [n/2] (x4 y)!

z=0,y=0 X ! . y !
jzt+-2y=n

C@G.3) T,

and the sum of the first # terms of the sequence is given by

n—1

C(G.4) 2 Ti= TarG-p + Tnrg—n — 1.

k=0
D. Phase three. Consider the equation
D) jx+3y=n for n=0,1,2,--- and §=1,2,3,.-:

where the pair (4, 3) complies with the remarks made in section C. By summing
the Pascal numbers on each diagonal given by D(j) for successive values of n
we obtain the sequence whose recurrence relation is given by

D(.2) Tp=Tnj+ Tos
The formula for the #th term is given by
e/l 03] (g 4 4)!

z=0,y=0 x! * y!
Ja+3y=n

D(j.3) Ta

and the sum of the first # terms is given by
n—1

D(.4) 2 Ti= Tarivy + Tari—n + Taron — L.
k=0

Proof of the formulas of Phase Two and Phase Three will be covered by the
proofs in the general phase that follows.

E. Phase b. In general, the equation
E(a) ax+by=n for n=0,1,2,--- and ¢, b=1,2,3,---,

where the pair {(a, b) complies with the remarks made in section C, will, by
summing the Pascal numbers on each diagonal for successive values of %, yield
a recurrent sequence whose recurrence relation is given by

E(a.2) Tw = Toos+ Tus

Proof. The first term in the series representing 7,, as defined by E(a.3)
below, will be (x+y)!/(x!-y!), where x and y satisfies E(a). In the notation of

.

Suppose that this first solution of x and y is the one where x is minimum (and
hence y is maximum) ; then the next solution would be (Xmin =0, Ymax—a) and the
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next would be (Xmin=+2b, Ymax—20a), etc., until ymez—ra becomes Ymm, where 7
is the greatest integer in the quotient #/(ab). (This is a modified form of a stan-
dard result of number theory; see, for example, [3].) Now if we let %= %min+ Ymax,
we can write the first few terms of T, as follows

k E+b—a k+ 20— 2a
R gty Egren I
@ (x) x+b x4+ 2b +
where the x refers to only Xmin.
Next we look at T,_,. The first term of this series will be of the form (*")

where &’ and x’ are related to & and x above in the following manner. First we
note that

(2 ax’ +by =n—a, and x4y =F.

Now since a, b and # have all been fixed we find that &’ =%min—1 and ¥’ = Ymax
is a solution, which upon substitution satisfies ax—+by=n. Furthermore, since
9’ is the same Ym.x as found in the consideration of T, it will also be the maxi-
mum ¥ in the consideration of T',_,, since #—a is less than #; hence x’ is the
corresponding minimum value. This makes k’=%—1. Therefore, we can write
the first few terms of T,_, as follows:

3) - _(k—1)+(le—1+b—a)+<k—-1+2b—-2a)+

e -1 x—14+0 x—1+42 ’
where, again, x refers to the original Xmin. If %min is zero to begin with, then for
the solution of (2) we choose &' =xmin+b—1 and ) =v,.x—a and this choice
modifies (3) only to the extent that the first term is omitted in the series for
T

Next we consider T,_;. The first term of this series will be of a form (:~)
where

4 ax” + by =n—0b, and " 49" =F".

k// k//
(x//> = <yll>
and we find that " =%min and 9" =ymx—1 is the appropriate solution of (4).
Therefore, 2’ =%k —1 and we can write the first few terms of T,_; as follows:

) T _(k—-1)+(k—-1+b—-a)+(k—1+?.b—2a)+
e x x+0b x =+ 2b ’

where again x refers to the original %mi». Now if we add the two series (3) and (5)

termwise, we observe the result that we desired, namely, series (1), through the

use of Pascal’s Rule, which determines the very nature of Pascal’s Triangle.
The general nth term of this sequence in terms of Pascal numbers is given by

We note here that
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[n/e],[n/b] (x -l— y)!

bl

z=0,y=0  &l-y!
az+by=n

and the sum of the first # terms of this sequence is given by

n—1

E(a.4) > T = Tura-vy + Toray + -+ * + Tunrasy — 1.

k=0

Proof (by induction). In the development of the phases above a was always
greater than or equal to . The remarks in section C indicate that this is an
arbitrary choice because of the symmetry involved; however, one or the other
choices must be made, but not both. We will assume here that a =5. We divide
the proof into two parts.

PART 1. We establish the formula for =1. E(a.4) becomes

T0=Ta+Ta—1+ Ta—2+"'+Ta~b+1—1-

Now Tp=1, since ax+by =0 has only the single solution (0, 0) and (0+40)!/(0!-0!)
=1. Also we see that 7,=1, since the only solution of ax+by=a is (1, 0) and
(140)!/(1!1-0") =1. In considering the other terms, Ty_1, Ty4-2, * * *, Topt1, We
find that the only solutions to the corresponding equations are, in all cases,
x=0 and v equal to (a—1)/b, (@a—2)/b, - - -+, (a—b+1)/b respectively. Now
only one number of this set of values is integral since the sete,a—1,2¢—2, - - -,
a—b-+1 forms a residue class modulo & and, since @ and b are relatively prime,
the value @ is omitted from consideration. All other solutions are nonintegral
and therefore discarded and T3 for those values equals zero. Let 2’ be the one
value that yields the integral solution and let £’ be that solution. Then

0+ &")!
_O+

Te = =0

Hence Tyv=T,+ 7w —1 or 1 =141—1 an identity.
PART 2. We assume the formula is true for # and show that then it is also
true for n+1. To both sides of E(a.4) add 7’,. Thus

> Ti= Torat) + Tora—y + * + + + Taratr — 1 + Ta.

k=0

But from E(a.4) we have

n
2 Ti = Tuitra—n + Tnprra-n + -+ + + Toprrcen — 1.

k=0

We must show that the right members of the above equations are equal. Upon
equating these two members and simplifying we have Tnis 3+ T = Tpie. But we
know from E(a.2) that T}, = T3+ T%—s. Thusif k=n-4a, we have the exact state-
ment above.
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AN EXPLICIT EXPRESSION FOR BINARY DIGITAL SUMS
J. R. TROLLOPE, University of Alberta

1. Introduction and statement of results. If a(x, ) denotes the sum of the
digits of x when « is represented in base 7, then it has been established ([1],
[2], [3]) that

1.1) A(m, r) = > alk, ) = 3(r — Dnlog, n — E(n, )
k<n

where E(n, r)=0(n). The purpose of this paper is to present a more detailed
examination of E(n, r) for the special case in which 7 is two. An interesting con-
sequence of the investigation is that E(#, 2) is expressed in terms of a continuous
nondifferentiable function similar to that given by van der Waerden [4]. The
function may be defined as follows: Let g(x) be periodic of period one and de-
fined on [0, 1] by

v, 0<zx=3%
(1.2 e = {
The function
: 1
(1.3) f@) = 2 — g(2)
=0

can be shown to be nondifferentiable. The relation between this function and
E(n, 2) is demonstrated in the following theorems:

THEOREM 1. If the integer nis written n =2m(1+4x), 0<Sx <1, then
E(n, 2) = 2= 2f(x) + (1 + «) logs (1 + x) — 2x}.
THEOREM 2. If n is represented as in Theorem 1, then
E(n, 2) < 271{5/3 log, (5/3) — 2/3}
and the constant cannot be reduced.

Drazin and Griffith [2] and more recently Clements and Lindstrom [5] have
shown that

1.2) E(n, 2) < 2»1(1 + =) log, (4/3)
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where the constant logs(4/3) is best possible relative to 2»~1(1+4x). However, if
5/31log25/3 — 2/3
log, (4/3)

then Theorem 2 produces a better result.

(1.3) 1+x>{ }=1.348---,

2. Proof of Theorem 1. For any positive integer k, a(x) denotes the digital
sum of k when it is represented in base two. The sum function 4 (») is defined by

(2.1) A(m) = 2 ax).
k<n

It has been shown [6], [7] that an explicit formula for 4 (n) is
m—2

(2.2) A(n) = 1/2 [mn + ey + DO (Raiyy — l)m]
=0

where m is related to # by the binary expansion

(2.3) no= 2"~ gn_ 2™+ .- - + @32 + a,,

the a; being zero or one. The symbol #;, 0 <7 <m, is defined by

(24) n; = a,-2‘ + ai_12“"‘1 R 2(11 + Q.

We now show that the quantity
m—2
(2.5) R(n) = 1/2 [nm_1 - > (a1 — 1)%.]
=0
is related to the van der Waerden function. First of all, it is easy to show that
(2.6) R(2n) = 2R(n).

This relation allows us to introduce a “normalized” function which is defined as
follows: Let x=p/2™ where p and m are nonnegative integers such that 0=<p
< 2™, Define the function ¢(x) by

R(2™
X o = 2D,

Note that ¢(x) is uniquely defined, for if x has any other representation say
p’'/2™" then p’=2m"-mp There is no loss of generality in assuming that m’>m.
Hence

(2.8) 2yl = 2mem(2m 4 p)
where m’ —m is a positive integer. An iteration of equation (2.6) leads to
R@™ +p) R+ p)

2m 2m

(2.9)

The function ¢(x) is defined only on a subset of [0, 1] and we now consider the
problem of finding a continuous extension which is defined on the entire interval.
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One approach to the problem is to consider the limit of a sequence of “polygo-
nal” functions which identify with ¢(x) on rationals of the form p/2™. A funda-
mental building block in this sequence is a periodic function which we denote
by g(x). It is defined on the entire real line by

. 3¢, 0=a=
R
(i) gz = 1) = g=).

The sequence { fm(x)} is defined in the following rather awkward manner:
(i) fm(x) is defined on [0, 1] to be the function whose graph is the

polygon joining the points {(0, 0), Gim, ¢(Gn)), - - -,
(2.11) @/2" $/2), - - -, (1,0},

(i) fulo 1) =fn(®).

It can be shown that

(2.10)

1
(2.12) Jmr1(2) — fulx) = —é;g(me).

The proof of this relation is straightforward and depends on the identity
(2.13) R +2p+1) — RQ2™+ p 4+ 1) — R(2™ 4+ p) = 1/2,

a result which follows from (2.6) and the more elementary relation

(2.14) R(n+ 1) — R(n) = (m + 2) — a(n).
Repeated iterations of (2.12) yield

o1
(2.15) Frir(®) = 2 - §2'%).

=0

Since g(x) is bounded, the sequence { S () } converges uniformly for all x. Hence
the limiting function

=1

(2.16) @) = X o e,
=0

is a continuous extension of ¢ (x).

The van der Waerden function described by Titchmarsh [7] is defined rela-
tive to the base ten. However, a slight modification of the arguments used there
shows that f’(x) does not exist.

If we put n=27+p, 0=<p <27, then it follows from (2.2), (2.5), and (2.7)
that

(2.17) A(n) = 3mn + p — 2"f(p/2m),
and since

(2.18) logs n = m + logs (1 + p/2™)
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we méy write
(2.19)  A(n) = 3nlogs n — 27 1{2f(x) + (1 + %) log, (1 + «) — 2«}
where x = p/2m. This completes the proof of Theorem 1.

3. Proof of Theorem 2. From (2.10) and (2.16) one can easily establish the
following relations:

3.1 f(1/3) = f(2/3) = 1/3,

(3.2) fA/2 + ¢ = f(1/2 — o),

(3.3) FA/2+ ¢ < 1/4 + 1/4f(4e),

where it is assumed that 0=<e=<1/2. These relations imply that
(3.4) max f(x) = o?i}f/zf(e) =1/3.

The function k(x) defined by
(3.5) h(x) = (1 + %) logs (1 + x) — 2x

is negative and concave upward over [0, 1]. Furthermore, one can use power
series expansions to show that

3.6) Bl —¢ = k), 0=e=1/3

If we now put F(x)=2f(x)+h(x), then it is clear that

3.7 F() = F(1 — ),

(3.8) F(1/3 + ¢ = max {F(1/3), F(2/3)} = F(2/3),

provided 0<e=<1/3. Hence

3.9 M = max F(x) = max F(2/3 + ¢).
0=ss1 0=es1/3

To prove that M = F(2/3) we consider the following special cases:
Case (7): 0=e=1/12. The definition of f(x) yields

(3.10) f(2/3 4+ ¢ = 7/24 — ¢/2 + 1/8f(1/3 + 8¢).
Hence, by (3.4), we have

(3.11) f(2/3+ ¢ =1/3 — ¢/2.

Also

(3.12) (5/3 + ¢) logs (5/3 + ¢) < 5/3log, 5/3 + e(l + -11—>,

082

and combining this result with (3.11) we obtain

(3.13) F(2/3 + ¢ < F(2/3) — e<2 -+ !

0g2

) < F(2/3).


http://www.jstor.org/page/info/about/policies/terms.jsp

1968] AN EXPLICIT EXPRESSION FOR BINARY DIGITAL SUMS 25

Case (11): 1/12<e=<1/3. It is evident that
(3.14) F(2/3 + ¢ = 2f(2/3 + ¢ = 2f(3/4 + 9)
where 6 =¢—1/12. But

%+ Ilgf(ma), 0=6=1/16,
(3.15) J(3/4 + %) =

1
[_4_ — o f), 1/165 05 1/4

In either case

(3.16) 2f(3/4 4+ 0) = z— = .54166 - - -
Since
3.17) F(2/3) > .56

the proof of Theorem 2 is complete.

The above theorems which have been demonstrated for the base two can
obviously be generalized to the base 7 and the results involve the corresponding
van der Waerden-type functions. In view of the fact that the arguments are the
same but the algebra is much more complicated, a discussion of the generaliza-
tions will be omitted.

Acknowledgements. 1 would like to express my appreciation to L. Moser for suggesting this
problem and to H. Hansen for supplying numerical data on E(z, 2).
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ON A PROPERTY OF LOGARITHMIC SPIRALS
N. X. VINH and A. ZIRAKZADEH, University of Colorado

Consider a point O on a right circular cylinder R. Place one tip of a compass
on O and let the other tip, M, draw a curve on the surface of the cylinder. If 5,
the distance between the tips of the compass, is less than the diameter of the
base of the cylinder, we will obtain a simple closed curve lying on the surface of
the cylinder. Now if we had wrapped a sheet of paper around the cylinder, by
opening this sheet of paper and placing it on a plane, we would obtain a simple
closed plane curve. Furthermore, if b were reasonably small the curve would
look somewhat like an ellipse.

Of course we can choose any curve C other than a circle as the base of the
cylinder and obtain other simple closed plane curves. The purpose of this note
is to find out under what conditions, if any, the curve obtained will be an ellipse.
One necessary condition is that the cylinder, and consequently C, be symmetric
with respect to a plane passing through the generator of the cylinder at O.

FiG. 1

Consider a right cylinder whose base is some plane curve C. Introduce the
following coordinate system (Figure 1): Let OY be the generator of the cylinder
passing through O, OU perpendicular to the above-mentioned plane of sym-
metry, and OZ perpendicular to OY and OU. The positive directions on each
axis are chosen arbitrarily. The intersection of the cylinder with plane UOZ is,
of course, the curve C, the base of the cylinder.

Let M be a point on the surface of the cylinder such that OM =5, and draw
lines MQ and MP, perpendicular and parallel to Y-axis, respectively. (See
Figure 1.) If ® is the angle between OP and OM, then OP=b cos ® and 0Q
=5 sin P.

26



ON A PROPERTY OF LOGARITHMIC SPIRALS 27

Now if the curve drawn by the compass is to be an ellipse with semiaxes
@ and b, its parametric equations have to be x =arc OP =a cos 8 and y=0Q=b
sin 8. But OQ =5 sin ®, and so we can take ® to be our parameter and obtain
the following equations for the ellipse:

x = acos ® and y = bsin &,
and this implies the following relation for the curve C:

arc OP acos P

1) =
chordOP b cos®

a
b

Let the equation of curve C in polar coordinates be p=f(f), where O is the
pole. Then arc OP/p=a/b or arc OP =p(a/b). Therefore

a &
2 Py Vp?+ (o')%do
B9

6o being the angle corresponding to p=0. The solution of (2) is the logarithmic
spiral

0
3) p = po €Xp [Z]
where
- 4
4 a=V(a/b)—1=m

and e is the eccentricity of the ellipse.

In practice, since the logarithmic spiral tends asymptotically toward the
origin, the useful portion of the curve C, as far as our problem is concerned, may
start from the point 4 (oo, 0) (Figure 2). The portion OA4 of the curve C can be

A e=sin 0 U
0 T

e=sin 30°

Z

Fi1G. 2
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approximated by an arc of an arbitrary curve such that arc 04 = (a/b)po. A mir-
ror symmetry with respect to OZ, or any other line OV in the plane UOZ, gives
the complete section of the cylinder. Each curve C corresponds to a given value
of e. The value of py is arbitrary but it can be taken such that the free end of C
is the intersection of the curve with the z axis at a predetermined distance d
from O.

d is then the upper limit of b and we have

(5) po = d exp [— n/2a].

Figure 2 presents several logarithmic spirals for different values of e. When e
tends to zero, the curve C tends to the line OU and the cylinder is a plane as
it is expected.

-------

[/

FiG. 3

In drawing the ellipse there is a portion in the middle, of width 28 (Figure 3),
that is only approximate. In terms of d and e we have:

© 5 d I: T/1 — 82]
= ———— eX — ——— . .
V(1 — e?) P 2e
Obviously 8 is very small when the ellipse is almost circular

The work of the first author is supported by NASA Grant NGR 06-003-033.

ON VECTOR REPRESENTATION OF RIGID BODY ROTATION
JAMES S. W. WONG, University of Alberta

The general method of determining the final position of a rigid body after
undergoing a finite rotation about some preassigned axis is by computing the
Euler angles under a unitary transformation. This may be done also by using
quaternions or Cayley-Klein parameters. (See for example [1], Chapter I.)
However a precise description of such a rotation may be given by the solution
of certain first order vector differential equations. In this note, we present two
simple methods of solving such an equation.
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Let the preassigned axis of rotation be denoted by the unit vector u, and
the initial vector by ro. The rotation of ro through an arbitrary angle § with
respect to u is then described by the solution of the vector differential equation

1 r'(6) =uX10), 10)=r.

In order that (1) describes a genuine rotation, we may assume u Xry0.
In this case u, 1y, and u X1, form a linearly independent set of vectors. We may
then write the solution of (1) as

(2 r(6) = NM6)u + u(8)ro + »(6)(u X ro)

where A(6), u(6), and »(8) are to be determined. Using the given differential equa-
tion we have

r'(6) = N (6)u + ' (0)r0 + »'(6)(u X 10)
»(6) (u-ro)u — »(6)ro + w(6)(u X 10).

We equate the coefficients of u, ro and uXr, and apply the initial conditions
r(0) =ry and r(0) =u Xr, to obtain

P\’(G) = »(0)(u-10),
1#’(0) = —»(0),
V'(0) = u(0).

with initial conditions A(0) =»(0) =\'(0) =u'(0) =0 and u(0) =v'(0)=1. In par-
ticular, we have »"/(0) +v(6) =0. Thus v(f) =sin 0, u(f) =cos 8, and A(#) = (u-r,)
(1—cos 6). Consequently the solution to (1) is

3) 1(0) = (1 — cos 8)(u-ro)u + cos Ory + sin 8(u X 1,).

Il

A simpler way of obtaining (3) is to proceed as follows: Differentiate (1)
‘with respect to § and obtain

t/(0) = u X ') =uX (uXr0)
= (u-Hu — (u-u)r(6).
Since u-r(#) =u-r, and u is a unit vector, we have
4 () + r(6) = (u-rou.

By the method of variation of parameters, we may now obtain the general solu-
tion to (4) asr(@) =A cos 0+B sin 6+ (u-ro)u where A and B are vector constants
of integration. Using the initial conditions as above, we easily obtain (3).

If we write out equation (3) in its component form, it is easily verified that
it agrees with the standard formulae for finite rotation. (See [1] p. 8, or [2]
p. 192.)
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SYLVESTER’S PROBLEM ON COLLINEAR POINTS
D. W. CROWE, University of Nebraska and T. A. McCKEE, University of Wisconsin

1. Introduction. We consider, for fixed #=3, configurations K, consisting
of # noncollinear points in the real projective plane, together with all lines con-
taining at least two of the points. Let £(X,) denote the number of ordinary lines
of K,, that is, the number of lines containing exactly two points of K,. For fixed
n, let t2(n) denote the minimum of #(K.,), for all K,. The original problem
posed by Sylvester in 1893 is then:

Show that t2(n) 21 for all n.

Solutions to this problem have been given a number of times, the first one
apparently by Gallai in 1933 when Erdés asked him the same question inde-
pendently. The best result to date is that of Kelly and Moser [5], who showed
that, in fact, f2(n) = 3n/7, with equality holding if z=7. Their paper contains
an essentially complete bibliography up to 1958. The bibliographies of the recent
papers [1, 3, 4] will bring the reader up to 1966. It has been widely conjectured
that, in fact, t2(n) =n/2 if »£7. (This was originally one of three conjectures
about #(#) made by Dirac in [2]. The falsity of one of the others is shown by
Borsczky’s examples in Section 3.) Section 2 presents an example, due to
McKee, which disproves this general conjecture by showing that £,(13) <6.
However, it still seems reasonable to conjecture that t2(n) =n/2 if =7, 13.

In Section 3 we describe examples due to Bérioczky, but apparently not
published before, which show that t,(#) <k if =2k, and t,(n) <3k if n=4k+1
or 4k+3. In Section 4 we use these known bounds, together with some auxiliary
equations, to calculate £;(n) for all »=13. It is to be hoped that refinements of
these methods might also determine f3(n) for larger values of #.

2. A 13-point configuration with only six ordinary lines. Let 4 B be the com-
mon edge of two congruent regular pentagons in the Euclidean plane. Let the
vertices of the pentagons be ABCDE and ABC'D'E’, in cyclic order, respec-
tively. Augment the plane by a line /, “at infinity” to obtain a real projective
plane in the usual way. Let M be the midpoint of 4B, and I, J, K, L the points
on [, in the directions CD, MD, ED, AB respectively. See Figure 1. The only
lines containing exactly 2 of these 13 points are the dotted lines AJ, BJ, DL,
D'L, MI, and MK in Figure 1.

This proves that #(13)<6. But from t(n)=3n/7 we have £(13)=39/7.
Hence £,(13) =6.

3. An upper bound for fy(n). The following examples were invented by
Boroczky, and partially rediscovered by McKee (both of them being under-
graduates at the time). Let # be even, say n=2k (k=3, 4, - - - ), and construct
the k vertices of a regular k-gon P in the Euclidean plane. Adjoin a point of /,
in each of the % directions determined by pairs of vertices of P. Figure 2 shows
this construction for #=12. These # points and the lines determined by them
form a K, having exactly n/2 ordinary lines, one at each vertex of P.

Incasen=4k+1 (k=2, 3, - - - ) first construct a K, from a regular 2k-gon,
as just described. Then adjoin a point C at the center of the 2k-gon, and con-

30
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FiG. 4. t:(11) =6

sider all lines determined by these # points. The resulting configuration has an
ordinary line through each of the 2k vertices of the 2k-gon, and % ordinary lines
through C, making a total of 3k/4 ordinary lines. Hence f,(4k+1) < 3k/4. Figure
3 shows the case n=13.

In case n =4k~ 3, construct a K,.; from a regular (2k+42)-gon, as described
for even n. Then delete a point E on-/,, in a direction #ot determined by an
edge of the (2k+2)-gon. Consider the configuration consisting of these 4k-+3
points, and all lines determined by them. It has an ordinary line through all but
two (opposite) vertices of the (2k--2)-gon, as well as k parallel ordinary lines
in the direction of E. Hence t,(4k+3) <2k+k=3k. Figure 4 shows the case
n=11.

The only known cases where Bordczky’s upper bounds are not in fact the
exact values of t2(n) are for n=17, 13. It is possible that a careful study of these
counterexamples might yield further exceptional cases.

4. Calculation of /5(n) for # =< 13. The results in the preceding sections deter-
mine #2(n) completely for all » <13, except for n=35, 9, 11. Two general lemmas
are useful for determining these other three values. The first is just Lemma 4.1

of [5].
LeMMA 1. If t is the total number of distinct lines determined by a set of n points,
if exactly n—r of the points lie on some line, and if n=3r/2=3, then

1) t=rm— 3r + 2)(r — 1)/2.

In the sequel we write simply ¢, (=2, 3, - - - ) for the number of lines containing
exactly 7 points of a given configuration.

LEMMA 2. For any configuration of n points,

@ ()-20)-
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Proof. The left side of the equation counts the number of (not necessarily
distinct) lines determined by # points in pairs. The right side counts the same
lines, each term, () ¢;, being the number of (not necessarily distinct) lines which
contain exactly ¢ points.

The value of #,(5) is now readily found. Kelly and Moser’s bound yields
12(5) 2 3, and the configuration determined by five points, of which exactly four
are collinear, shows that #,(5) 4. Now equation (2), with =35, reads 10=¢,
-+ 3t3+6t4, and has no integral solution if 2= 3. Hence £5(5) =4.

We now show that £,(9) = 6. The Pappus configuration of Figure 5 shows that
£,(9) = 6. Since #(9)=3-9/7>3 we need only show that £,(9) is not 4 or 5. If
15(9) =4, then equation (2) reduces to 32 =343+ 64+ 108+ 1546+ 2147+ 28¢5. This
diophantine equation has no solution for nonzero fs, #7, or ts. Hence, in fact, a
solution implies #5=2. But the only arrangement of nine points on two lines
each containing five points gives rise to 16 ordinary lines, contradicting the as-
sumption £(9) =4.

F16. 5. £(9) <6

If £,(9) =5 then equation (2) becomes 31 = 343+ 6t4+1085-+1546-+ 21474 28ts.
As before, tg=0. If >0, then f;=1, which is geometrically impossible with only
nine points. Hence {;=0. Likewise {¢=0 and the equation reduces to 31=23i;
+6t,+10z5. Only if =1 does this equation have a solution. In this case, £;>1
is impossible with only nine points. If {;=4=1, then two arrangements are pos-
sible, but at least nine ordinary lines are formed in each one, contradicting
t;=1>5. The only remaining possibility is =1, t3=7, so that the total number of
lines is #-t3+4=13. But according to Lemma 1 (with #=9, »=4) at least 15
lines are determined. Hence #4531, and the diophantine equation has no solutions.
Hence £(9) #5. This completes the proof that £(9) =6.

We now show that #,(11) = 6. From the bounds already established, we know
that £(11) is 5 or 6. We have only to show £, (11)#5. Suppose, if possible,
5(11) =5, so that equation (2) becomes 50 = 3¢5+ 6t4+ 1015+ 1526+ 2147, after we
note that there are no solutions if £;,>0(¢>7). If >0, then there is no solution
unless #;=2, which is geometrically impossible. Hence #;=0. If #,>0 then
ts=1 or 2. Each case is possible only if #=2. But eleven points cannot be dis-
tributed on three lines each containing at least five of them. Hence {¢=0, and
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equation (2) reduces to 50 = 33+ 6¢4+ 1045, which has solutions only if ¢5=2 or 5.
The latter case is clearly impossible. If tz=2 then the two lines, each of which
contains five points, either meet in one of the points, or not. Two or one points,
respectively, are on neither line. In both cases more than five ordinary lines are
formed, thus contradicting #(11) =5. This completes the proof that £(11) 45,
and hence that #(11) =6, as required.

These results are tabulated below.

n [3 435 6 7 8 9 10 11 12 13
b)) 13 3 43 3 46 5 6 6 6

Since the original preparation of this paper P. D. T. A. Elliott has made
further contributions to the problem in [6], where he uses the results of [5]
to prove analogous theorems about circles. Elliott also improves some of the
results in [5], and repeats the general conjecture that tx(n) =n/2 if n7.

The work reported in this paper was supported by an NSF Undergraduate Research Participa-
tion grant to McKee, under the direction of Crowe.
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EUCLID, YOU MUST BE KIDDING
TERRY L. JENKINS, University of Wyoming

Educators in the field of mathematics are more than aware of the thesis in
this note. To geometrize or not to geometrize? That is the question. More pre-
cisely, to Euclid or not to Euclid is the question. A conclusive victory for the
proponents or opponents of teaching Euclidean geometry at the secondary level
is not attained in this brief paper. It is hoped however that the reader will find
validity in the reasons given for revising, if not replacing entirely, the type of
geometry taught. The author’s credentials in this area are meager in comparison
with the many authoritative accounts written by accomplished mathematicians.
Most of my impressions have evolved from visits with many high school teachers
while teaching in National Science Foundation and Academic Year Institutes
in Nebraska and Wyoming. The participants in the institutes have come from
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almost every state yet they shared a common dissatisfaction with the role played
by Euclidean geometry in high school. Heated discussions were not uncommon
in such groups with at least # opinions expressed in a set of cardinality #». Still,
there was agreement as to the existence of the problem and this is a start.

In an informal discussion with a group of teachers it was revealed that what
we were doing in the college class was completely new to them although each
had taught high school geometry. The comment was not an isolated case. Pur-
suing this point brought out the fact that a large majority of the teachers had
never had a college geometry course prior to their teaching of geometry in high
school. A background in algebra, trigonometry, analytic geometry, and calculus
was present in varying degrees but essentially a void existed with regard to one
of the most exacting mathematical disciplines, one which they surely would be
required to teach. Appalling as it may sound, it is not front page news, nor am I
considering the problem from this vantage point. The expository literature is
saturated with articles complaining about the inadequate preparation of the
secondary school teacher. A partial solution to this problem has been attained
with the initiation of summer or academic year institutes in the various disci-
plines. A number of colleges have gone further by requiring fewer courses on
“how” to teach and more courses on “what” to teach. This philosophy has, I
believe, the support of the majority of teachers. I do not want to enter this
ancient arena of battle here but rather I choose to consider a topic taught at the
secondary level.

After discussing the problem of high school geometry with many participants
in various institutes I carried out a survey of many of the current technicolor
texts in the area of high school geometry. In most texts the number of proverbial
trees was overwhelming and there was but a hint of the existing forest. There
was a myriad of rote exercises, literally colorful in many cases but requiring very
little of the so called discovery method. Facts were piled upon facts, most often
in haste, in order to build an impressive superstructure. Little time, if any, was
spent inspecting the foundation or the materials used. Shortly after matricula-
tion, the college freshman discovers to his dismay that he has gained very little
insight into axiomatic systems which is at the foundation of not only geometry
but also much of mathematics.

For 2000 years educators have regarded the study of geometry as an integral
part of the making of a truly educated person. More realistically, it serves as
an introduction to correct logical reasoning which in turn guides the student
toward that elusive goal of “mathematical maturity.” Ah-h, there is the rub. Is
the current presentation of geometry at the secondary level fulfilling its pur-
pose? It is the feeling of the author that it is not. To be sure, this is not to say
that what is being taught is purposeless. This would be a harsh, inaccurate, and
discouraging generalization. The dissension is founded on the hypothesis that
the student is led to believe his geometrical training started with the foundations
and then proceeded to its apex, neither of which impression is correct. For the
most part, this instruction is carried out under the guise of maturing the student.
It is surely to be agreed that the language and content of high school geometry
texts is often inaccurate and they at all times assume a very naive posture. This
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must be a dilemma in all disciplines confronting foundations. The proponents of
Euclidean geometry are quick to point out that the students are not ready for
the facts of geometry. If the subject is properly approached, this attitude is
becoming less a fact and more a defense with each ensuing term. Even if this is
so, I do not contend that the facts (foundations) of Euclidean geometry be ex-
plored at this level. Furthermore, I do not view the teaching of Euclidean geom-
etry as a sacred obligation of the secondary schools.

At the risk of incurring the wrath of many readers, I would go further to say
that Euclidean geometry is not in the mainstream of current mathematics, which
is evidenced in the lack of availability of geometers at the college level. Many of
the major (and minor) colleges do not require a course in geometry for a mathe-
matics major. This does not lessen the importance or beauty of the subject yet
it should vindicate a reappraisal of the curriculum in high schools. There are at
present many studies being carried out in this direction whose recommendation
hopefully will have far reaching consequences.

The shortcomings of Euclid’s original five postulates have been evaluated
and the deficiencies have been corrected in the college textbooks. This has neces-
sitated enlarging the list of postulates to approximately twenty-one. A rigorous
development through the foundations of Euclidean geometry then poses a for-
midable task, rarely accomplished unless it be a labor of love. Yet the secondary
schools have been assigned the task to do in whole or in part. Considering the
assignment, there have been remarkable strides forward and as much was ac-
complished as could be expected. The strides, however, have been at the expense
of rigor, out of necessity, which in turn deprives the student of the deeper in-
sights and consequently the maturity sought. The author maintains that as
much insight and more maturity can be gained by studying non-Euclidean
geometries and in particular, finite geometries. This brief treatise could not out-
line the specifics for such a course of study but merely point out a few of its
advantages. First, the study of finite geometries can be done thoroughly without
assuming a naive posture. Such a study provides the student with more than one
model and, most importantly, it gives him the opportunity of exhausting the
logical inferences of a few controlled axioms. This can be accomplished over a
relatively short time interval for each model. The current Euclidean approach
drags through an entire semester, often appearing disjoint and losing the interest
of even the capable student. Opponents of the proposed finite geometries may
maintain that the abstract models needed in such a study pose as many subtle-
ties as Euclidean geometry, a view with which I do not concur. There are numer-
ous concrete examples of finite geometries which are accessible to the secondary
student, examples which vary in the degree of complexity. In some instances, the
examples are closely aligned with the elementary aspects of modern algebra.

When, then, is Euclidean geometry to be introduced? A meaningful founda-
tional introduction could be at the end of the proposed secondary level course on
finite geometries. After the high school student has gained some insight into the
axiomatic techniques he will be more willing to accept the possibility of a larger
and more complicated system. This introduction to Euclidean geometry would
be meant simply to acquaint the student with the axioms involved and some of
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the basic foundational proofs. A complete analysis of Euclidean geometry would
not even be attempted at this point for two reasons. The first reason is clear.
There is an upper bound to the number of courses which can be squeezed into a
high school curriculum. Secondly, it is entirely possible that a student is inter-
ested in mathematics but not specifically in geometry. It is true that at one time
Euclidean geometry was at the core of mathematics. The status of geometry at
present is simply that of being one of the many fascinating areas into which an
aspiring mathematician can concentrate his efforts. If the incoming freshman
in college had the proposed geometry background, the colleges would be more
inclined toward the task of teaching Euclidean geometry to those who “wanted”
to continue in this direction.

The proposed secondary course creates two immediate problems which are,
however, superficial. Textbooks which approach geometry from this point of
view are not available but if there were a market for such, there are many capa-
ble mathematicians who would supply the needed textbooks. Secondly, the
question of the high school teacher’s preparation would come up. But again,
how many were fully prepared to teach Euclidean geometry? This problem can
be disposed of by slanting the college geometry course for education majors more
toward finite geometry. It has been my experience that many institute members
lacked confidence when introduced to finite geometries. I am convinced that this
attitude will disappear when they become more familiar with the flavor and are
given more than a brief encounter with the subject.

This short note has undoubtedly been an oversimplification of the problem and
a clear cut solution has not been attempted here. Only a partial insight into the
problem was intended. There are other, perhaps more deserving, suggestions
which I happily acknowledge. The author does hope to renew a spark of interest
on the part of the academician, a spark which will further the accomplishments
in this area to the benefit of student, teacher, and geometry in general.

RELATION BETWEEN THE BETA AND THE GAMMA FUNCTIONS
AUGUSTINE O. KONNULLY, St. Albert’s College, Ernakulam, India

The expression of the beta function in terms of the gamma function is well
known. In this note we provide a new proof for this result which is based on the
following expression for the gamma function in terms of the beta function:

1) I'(p) = lim ¢?B(p, q), Re(p) > 0, Re(q) > 0),

Re(g)— o

(See [1] p. 254, Example 5).

Proof. Let s be the real part of ¢—1 and 7, the imaginary part. By the sub-
stitution {=sx, we have

1 8 RANa
sl’f a1 — x)ldx = f ti’“l(l - —> di.
0 0 $
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Letting s tend to infinity we obtain
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and

s P
lim s?B(p,q) = lim (————) ¢?B(p,q) = lLim ¢7B(p, q)-
im w50, = tim (————) B, 0 = _lim 50,0

8— 0 [andd

TuroreM (Euler). B(p, ¢) =T ($)I'(q)/T'(p+9)-

Proof. Integrating by parts we have B(p, g+1)=(q/p)B(p+1, q) and, add-
ing the integrals, B(p, ¢-+1)+B(p+1,q) =B(p, q), so that we obtain B(p, g+ 1)
=(¢/p+q9)B(p, q). By the repeated application of this recursion relation, it fol-
lows, for # a positive integer, that

gg+1)---(g+n—-1
B(, = . B(p,
B S e+ gt P

1,2.--(n—1)
and B(m, n) = - B(m, 1)
m+VDm+2)---(m+n—1)

1
where B(m, 1) = — -
m

Hence we have
B(p, g+ mn)-Blg,m) _ ( n )”. (g +m)rB(p, g +m) -n'Blg,n)
B(p+ ¢, m) n+q n*t4B(p + g, n)
Letting # tend to infinity we obtain B(p, ¢) =T'(p) -I‘(g)|I‘(p+q).

B(p, q) =

Reference

1. E. T. Whittaker and G. N. Watson, A Course of Modern Analysis, Cambridge University
Press, New York, 1958.
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Modern University Algebra. By Marvin Marcus and Henryk Minc. Macmillan,
New York, 1966. xii+244 pp. $6.95.

This unique and exciting introduction to some of the basic concepts of mod-
ern mathematics is intended for use in a one-semester or two-quarter course at
the freshman or sophomore level. It is especially suitable for mathematics majors
but should be very valuable to many social science students. It assumes only
that the student has completed the usual high school courses in algebra and
trigonometry, although the latter is not essential.
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No attempt at an axiomatic development is made; rather, the objective is
to penetrate significantly into the subject matter covered.

The presentation is very clear, and the book includes a generous supply of
very good exercises and an excellent quiz at the end of each section. Quiz answers
and solutions to the exercises are provided at the end of the book.

Chapter 1, “Numbers and Sets,” introduces mathematical induction, sets,
functions, and cardinality.

Chapter 2, “Combinatorial Analysis,” presents a fairly complete theory of
permutations on a finite set, and the concept of an incidence matrix is intro-
duced. The important elementary properties of matrices are given in this chap-
ter, although a systematic treatment of linear algebra and matrices is left for a
later course.

Chapter 3, “Convexity,” introduces the concepts of convex sets and convex
functions. It is interesting to see the development of the material without the
use of calculus. The triangle inequality, Cauchy’s inequality, Minkowski’s in-
equality, and the arithmetic-geometric mean inequality are given here.

Chapter 4, “Rings,” presents the concept of a ring as a unifying concept for
the three similar algebraic structures of integers, complex numbers, and poly-
nomials. It also includes a section on the theory of equations.

The authors have taken the view that an axiomatic approach is inappropri-
ate at this elementary level and that there are too many important, new, and
exciting ideas in mathematics to permit a lengthy involvement with axiomatics.
They expressed the hope that this book will prepare students for subsequent
courses in linear algebra, modern algebra, and some parts of analysis. In this, it
seems clear that the authors have succeeded admirably.

T. O. Moore, University of Florida
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1967. xviii + 518 pp. $8.50.

Principles of Mathematics. By P. K. Rees. Prentice-Hall, Englewood Cliffs, N. ., 1965. xiii+4383 pp.
$6.95. .
A revision of Freshman Mathematics.

Fundamentals of Freshman Mathematics, 2nd ed. By C. B. Allendoerfer and C. O. Oakley. McGraw-
Hill, New York, 1965. xiii+586 pp. $8.50.

Fundamentals of Mathematics, 3rd ed. By M. Richardson. Macmillan, New York, 1966. xx--603
pp. $7.95.
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No attempt at an axiomatic development is made; rather, the objective is
to penetrate significantly into the subject matter covered.

The presentation is very clear, and the book includes a generous supply of
very good exercises and an excellent quiz at the end of each section. Quiz answers
and solutions to the exercises are provided at the end of the book.

Chapter 1, “Numbers and Sets,” introduces mathematical induction, sets,
functions, and cardinality.

Chapter 2, “Combinatorial Analysis,” presents a fairly complete theory of
permutations on a finite set, and the concept of an incidence matrix is intro-
duced. The important elementary properties of matrices are given in this chap-
ter, although a systematic treatment of linear algebra and matrices is left for a
later course.

Chapter 3, “Convexity,” introduces the concepts of convex sets and convex
functions. It is interesting to see the development of the material without the
use of calculus. The triangle inequality, Cauchy’s inequality, Minkowski’s in-
equality, and the arithmetic-geometric mean inequality are given here.

Chapter 4, “Rings,” presents the concept of a ring as a unifying concept for
the three similar algebraic structures of integers, complex numbers, and poly-
nomials. It also includes a section on the theory of equations.

The authors have taken the view that an axiomatic approach is inappropri-
ate at this elementary level and that there are too many important, new, and
exciting ideas in mathematics to permit a lengthy involvement with axiomatics.
They expressed the hope that this book will prepare students for subsequent
courses in linear algebra, modern algebra, and some parts of analysis. In this, it
seems clear that the authors have succeeded admirably.

T. O. Moore, University of Florida

BRIEF MENTION

Intermediate Algebra for College Students, 3rd ed. By T. S. Peterson Harper and Row, New York,
1967. viii+383 pp. $7.50.

Intermediate Algebra, 3rd ed. By P. K. Rees and F. W. Sparks. McGraw-Hill, New York, 1964.
xii4-330 pp. $5.95. .

College Algebra, 5th ed. By P. K. Rees and F. W. Sparks. McGraw-Hill, New York, 1967. x+500
pp. $7.50.

Algebra and Trigonometry, Revised ed. By E. A. Cameron. Holt, Rinehart and Winston, New York,
1965. x-+338 pp. $7,50.

Plane Trigonometry, 5th ed. By F. W. Sparks and P. K. Rees. Prentice-Hall, Englewood Cliffs,
N. J., 1965. x+230 pp. $6.50; with tables, $6.75.

Plane Trigonometry with Tables, 3rd ed. By G. Fuller. McGraw-Hill, New York, 1966. xii+-328
pp. $6.50.

Fundamental Mathematics, 3rd ed. By T. L. Wade and H. E. Taylor. McGraw-Hill, New York,
1967. xviii + 518 pp. $8.50.

Principles of Mathematics. By P. K. Rees. Prentice-Hall, Englewood Cliffs, N. ., 1965. xiii+4383 pp.
$6.95. .
A revision of Freshman Mathematics.

Fundamentals of Freshman Mathematics, 2nd ed. By C. B. Allendoerfer and C. O. Oakley. McGraw-
Hill, New York, 1965. xiii+586 pp. $8.50.

Fundamentals of Mathematics, 3rd ed. By M. Richardson. Macmillan, New York, 1966. xx--603
pp. $7.95.
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“The book attempts to provide a suitable terminal course for students of the arts and social
sciences, stressing the fundamental concepts and applications of mathematics rather than its
formal techniques. However, considerations of this kind would also be beneficial for students of the
sciences and prospective teachers of secondary school mathematics who are commonly and naively
supposed to acquire an understanding of the reasonableness and relevance of mathematics by
osmosis during courses devoted largely to memorized and regurgitated techniques.”

Introductory Mathematical Analysis, 2nd ed. By E. D. Eaves and R. L. Wilson. Allyn and Bacon,
Boston, 1964. vii+496 pp. $8.75.

Calculus and Analyiic Geometry. By J. R. Britton, R. B. Kriegh, and L. W. Rutland. W. H. Free-
man, San Francisco, 1966. xiii-+1069 pp. $12.50.
A condensation and rearrangement of the authors’ two-volume University Mathematics I, I1.

Calculus and Analytic Geometry, 2nd ed. By A. Schwartz. Holt, Rinehart and Winston, New York,
1967. xiv+41008 pp. $12.50.

Technical Mathematics with Calculus, 2nd ed. By H. S. Rice and R. M. Knight. McGraw-Hill,
New York, 1966. xviii-+908 pp. $8.50.

Modern Geometry, 2nd ed. By C. F. Adler. McGraw-Hill, New York, 1967. xi+302 pp. $8.75.

More Fun with Figures. By J. A. H. Hunter. Dover, New York, 1966. x+116 pp. $1.00 (paper).
Originally published by Oxford University Press under the title Figurets: More Fun with
Figures.

Number, The Language of Science, 4th ed., rev. and augmented. By. T. Dantzig. Free Press (Mac-
millan), New York, 1967. ix+340 pp. $2.45 (paper).

Introduction to Finite Mathematics, 2nd ed. By J. G. Kemeny, J. L. Snell, and G. L. Thompson.
Prentice-Hall, Englewood Cliffs, N. J., 1966. xiv+465 pp. $8.95.
It is interesting to note that a Russian translation of the first (1957) edition was published in
1965.

Modern Elementary Statistics, 3rd ed. By J. E. Freund. Prentice-Hall, Englewood Cliffs, N. J.,
1967. x+432 pp. $9.25.

Introduction to Probability and Statistics, 2nd ed. By B. W. Lindgren and G. W. McElrath. Mac-
millan, New York, 1966. ix-+288 pp. )

Introduction to Probability and Statistics, 2nd ed. By W. Mendenhall. Wadsworth, Belmont, Calif.,
1967. xiii+393 pp. $8.50.

The Teaching of Secondary Mathematics, 4th ed. By C. H. Butler and F. L Wren. McGraw-Hill,
New York, 1965. x+613 pp. $8.50.

The Theory of Arithmetic, 2nd ed. By J. A. Peterson and J. Hashisaki. Wiley, New York, 1967.
xiv+337 pp. $7.50.

Art and Geometry. By W. M. Ivins, Jr. Dover, New York, 1964. x+113, pp. $1.00 (paper).
Originally published in 1946 by Harvard University Press.

ANSWERS

A420. Writing 2= (5/10)»=5".10—" demonstrates the desired result since 5™
never ends in zero. '

A421. With the given restriction on the a;, we have Zak“l < o, Thus any suffi-
ciently large number cannot be represented.

A422. Since there are six different letters in Romney, the length of the period
in the repeating decimal must be six. The only digital divisor to yield such peri-
ods is seven. So O is seven. N may be any digit between one and six. Four is the
only one which meets specifications. 4/7=.571428 574128 - - - Romney
=571428.
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A423. No. Let the number be of the forma - - - b thend - - -a=2(a - - - b).
Now a can be 0, 1, 2, 3, or 4 and corresponding to these values b can be (0),
(2, 3), 4, 5), (6, 7) or (8, 9), respectively. By comparing the last digits, none of
these are possible.

A424. Suppose p, p+2 are twin primes such that p24(p+2)2=~k2, with £ an
integer. Then 2p2+44p+4=k2 This implies that k2 hence & is even. Let k=2n.
Then 2p*+4p+4=4n? or p2+2p+2=n2 The left hand side is odd since p is
odd. The right hand side is even. Therefore, no solution is possible.

(Quickies on page 50)

PROBLEMS AND SOLUTIONS

Epi1TED BY ROBERT E. HorTON, Los Angeles City College

Readers of this department are invited to submat for solution problems believed to be new
that may arise in study, in research, or in extra-academic situations. Proposals should be ac-
companied by solutions, when available, and by any information that will assist the editor. Or-
dinarily, problems in well-known textbooks should not be submitted. Solutions should be
submitted on separate, signed sheets. Send all communications for this department to Robert E.
Horton, Los Angeles City College, 855 North Vermont Avenue, Los Angeles, California 90029.

PROPOSALS
677. Proposed by Charles R. Wall, University of Tennessee.

Various states have sales tax rates of 0, 2, 2.25, 2.50, 3, 3.50, 4, and 5 percent.
Knowing these rates, what is the smallest amount (before tax) one would have
to spend to determine the tax rate:

(1) in a single purchase?

(2) in as many purchases as desired?

678. Proposed by Charles W. Trigg, San Diego, California.

From an 8 by 8 checkerboard, the four central squares are removed.

a) Show how to cover the remainder of the board with right trominoes so as
to have no fault line, or exactly two fault lines, or three fault lines.

b) Show that no covering with right trominoes can have four fault lines.

A right tromino is a nonrectangular assemblage of three adjoining squares.
A fault line has its extremities on the perimeter so that a portion of the con-
figuration may be slid along it in either direction without otherwise disturbing
the relative position of its parts.

679. Proposed by Gerald C. Dodds, HRB-Singer, Inc., State College, Pennsyl-
vania. '

Prove that 2e<1+afor0<a<1.

680. Proposed by Huseyin Demir, Middle East Technical University, Ankara,
Turkey.

Let E be an ellipse and ¢, '’ be two variable parallel tangents to it. Consider
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a circle C, tangent to ¢/, ¢’ and to E externally. Show that the locus of the center
of Cis a circle.
681. Proposed by Leon Bankoff, Los Angeles, California.

Find an obtuse triangle that is similar to its orthic triangle.

682. Proposed by John Beidler, Scranton University, Pennsylvania.

Let b be a fixed integer, 5> 1, and k be a positive integer. Let # be an integer
such that the expansion of #! in the base b has kx digits. Find limy._,, nd™".

683. Proposed by Murray S. Klamkin, Ford Scientific Laboratory, Dearborn,
Michigan.

Two triangles have sides v/a*+#%, Vb2+¢?, V+a® and V4@, V@+1?,
/724 p?, respectively. Which triangle has the greater area if in addition we have
a?b?4-b%c?*+c%a?=p2q*+-q*r*+r*p? and a > p, b>q?

SOLUTIONS
Late Solutions

Leung Gesing, Hong Kong: 653; Dimitrios Vathis, Agios Nicoloios, Chalcis
Greece: 653. -

The Whispered Clue
656. [May, 1967] Proposed by Sidney Kravits, Dover, New Jersey.

The editor of a mathematics journal said to his assistant, “I have here a
cryptarithm which shows a two digit number being multiplied by itself. You will
note that the subproducts are not shown, only the number being squared and the
final product.”

The assistant said, “I've tried to solve this cryptarithm but the solution is
not unique. If you told me whether the number being squared were odd or even
I might be able to give you a solution.”

Afraid of being overheard, the editor whispers the answer to his assistant.
The assistant said, “I was hoping you’d say that. I now know the solution.”

Unfortunately, a spy for a rival mathematical journal had planted a “mike”
in the room. Although he has not seen the cryptarithm, he has overheard the
entire conversation. He is able to solve the cryptarithm. Can you?

Solution by Zalman Usiskin, University of Michigan.

Since the assistant was able to solve the cryptarithm upon being told whether
the number squared was odd or even, before asking this question he must have
reduced the problem to possible cryptarithms which have % odd solutions and 1
even solution, or # even solutions and 1 odd solution, #>1. There are three
possible cryptarithms satisfying these conditions:

ab
1) ab satisfied by ab = 35, 46, 65, or 85
cddb (3 odd, 1 even)
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e
2 ef satisfied by ef = 45, 56, 81, or 91
ghge (3 0odd, 1 even)
ik
3) k satisfied by jk = 42, 48, or 93
lmnj (1 odd, 2 even)

Had the editor whispered “even,” the assistant would still not know the
solution, for he would not be able to choose between cryptarithms (1) and (2).
So, the editor must have said “odd,” leading to the spy’s solution

93
93
8649

to the original cryptarithm
ik
7k
Imnj

Also solved by Stanley Rabinowitz, Far Rockaway, New York; E. P. Stark, Plainfield, New
Jersey; Charles W. Trigg, San Diego, California; William Wernick, City College of New York; and
the proposer.

Mazximum Profit

657. [May, 1967] Proposed by C. Stanley Ogilvy, Hamilton College, New York.

Ship 4 is anchored 9 miles out from a point O on a straight shoreline. Ship B
is anchored 3 miles out opposite a point 6 miles from O. A boat is to proceed
from 4 to some point on the shore, pick up a passenger, and take him to ship B.
It costs the boat owner $1 per mile to run his boat, whether there is a passenger
aboard or not. Where should the owner contract to pick up the passenger so
that his net profit (from 4 to shore to B) shall be a maximum? We can assume
that the passenger insists on a straight line course from the pickup point to B.

Comment by the proposer.

It is immediately recognized as a variation on a very familiar calculus prob-
lem, so the unwary may dive ahead and set it up as such. If they do, the profit
function will differ only by a sign in one place from the straight problem of mini-
mizing distance. This sign will be squared away during the process of setting the
derivative equal to 0. The result is two “answers”: points 43 and 9 miles from O.
But x =41 at a point not level on the curve (purely extraneous), and x =9 yields
a minimum profit—this would be the very worst place for him to pick up the


http://www.jstor.org/page/info/about/policies/terms.jsp

1968] PROBLEMS AND SOLUTIONS 45

passenger! Indeed, there is no point for maximum profit. The farther away from
0, on the side opposite to B, that he can con the passenger into meeting him, the
better his net profit for the day. There is a limit to his profit, but it is only ap-
proached as x—— .

Ten incorrect solutions were received. All made the assumption that profit
would be maximum when distance was minimum, which is not true. Perhaps the
similarity to a familiar problem was an unfair trap.

A Cyclic Quadrilateral
658. [May, 1967] Proposed by Kaidy Tan, Fukien Normal College, Fukien, China.

Construct a cyclic quadrilateral so that each side touches one of four fixed
circles.

Solution by Stanley Rabinowits, Far Rockaway, New York.

There are infinitely many such cyclic quadrilaterals. Let the given circles be
called Cy, C,, C;, and Cs Construct any cyclic quadrilateral with sides si, ss,
3, 4 in the plane. Then construct line #; parallel to s; and tangent to C;, =1, 2,
3, 4. Then the quadrilateral with sides ¢; will be cyclic since the sum of two oppo-
site interior angles will still be 180°, and its sides are tangent to the four given
circles.

Also solved by Leon Bankoff, Los Angeles, California; Huseyin Demir, Middle East Technical
University, Ankara, Turkey; and Michael Goldberg, Washwngton, D. C.

Goldberg noted that a solution in terms of a rectangle is always possible.

An Unmeasurable Set
659. [May, 1967] Proposed by C. J. Mozzochi, University of Connecticut.

Let (X, o) be a measurable space with an uncountable number of measurable
sets. Let (Y, 7) be a topological space with an uncountable number of open sets.
Let f and g be measurable functions from X into Y. Prove or disprove,

E = {x] flx) = g(x)} is measurable.
Solution by the proposer.
The following is a counterexample:
X = Y reals
{all sets 4 C X such that 4 or (~A4) is finite or countably infinite}
r={X,¢ E.= (a, ®);a = 2}
0 fo<x<1
{1 e ~(0,1)°

Il

o

f(x) g(x) = 0 for all .
¢ is an uncountable o-algebra. 7 is an uncountable topology. f and g are mea-
surable. However, E= (0, 1) is not measurable.

Remark. If ¥ is the reals with the usual topology and X is any measurable
space, then E is measurable. (Cf. Munroe: Iniroduction to Measure and Integra-
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tion, Page 151, and Problem a, Page 152.) The proof appears to depend strongly
on the order properties of the reals and the density and countability of the ra-
tionals. This suggests that it might not be possible to find a significantly
“weaker” set of properties to guarantee for a general topological space ¥ the
measurability of E.

Divisors of a Circle
660. [May, 1967] Proposed by L. J. Upton, Port Credit, Ontario, Canada.

Four lines in a plane are concurrent at O. The angles between the lines are
each 45°. A circle is superimposed on this configuration so that O lies within the
circle. (a) Show that the alternate sectors cover one-half of the circle. (b) Show
this result without use of the calculus.

Solution by Michael Goldberg, Washington, D. C.

Let the center of the circle be P, and let AC and BD be two chords through
O and at right angles to each other. Let OP =a, and let 6 be the angle between
BD and OP. Then,
AC/2 = +/r® = a? cos? 9,
AO = /r* — a2 cos?0 — asin 0,
AO0* = r? — g?cos?0 + a?sin? § — 2a sin 6 /77 — a? cos? 0,
CO = +/r* — a%cos?8 + asin 6,
CO? = 7> — g% cos? 0 + a?sin? @ + 2a sin 6 /7% — a? cos?9,
AO? 4+ CO? = 2r% — 2a? cos? 0 + 2% sin? 0,
BO? + DO? = 2r* — 2q%sin? 0 + 242 cos? 0,
A0?% + BO? + CO? 4 DO? = 4r.
The last sum is independent of 4 and 6. Hence, for any rotation of the two
chords through the angle ¢, the area swept out is 47%p/2. If ¢ =7/4, the area is
wr2/2. :

We can generalize to 2z equally spaced chords. Then, ¢ =/2#, and the area
swept out is wr2/n.

Also solved by Robert X. Bremnan; and Huseyin Demir, Middle East Technical University,
Ankara, Turkey. :

A Functional Equation
661. [May, 1967] Proposed by Stanley Rabinowits, Far Rockaway, New York.
Find all differentiable functions satisfying the functional equation
f(xy) = 3f(x) + %f(y).
Solution by J. Aczel, University of Waterloo, Canada.

The problem asked for all differentiable solutions of

€Y flxy) = =f(y) + 3f(x).
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We will determine all solutions continuous in at least one point (or, for that
matter, all solutions which can be majorized or minimized on a set of positive
measure by a measurable function):

For x=0, (1) gives f(0) =vf(0) for all y, which is possible only if

(2) f(0) = 0.
For x#0, y5#0, divide (1) by xy:
1) _JO) @)
xy % x

or, for
(3) g(x) 19
®
we have
4) g(xy) = g(x) + g).

Now, all solutions, for xy0 of this well known equation which are continu-
ous in a point or majorizable (minimizable) on a set of positive measure by a
measurable function (see, e.g., J. Aczel, Lectures on Functional Equations and
Their Applications, Academic Press, New York-London, 1966) are of the form

g(x)=clog|x] (x #0)
with some constant ¢ or, with (3),
f(x) = cxlog | x| for » > 0.
Together with (2) we have that all solutions of (1) have to be of the form

cxlog | x| fora =0

©) f@) = {0 for x = 0.

On the other hand, the functions (5) evidently satisfy the equation (1) which-
ever constant ¢ might be. So we have proved, that the general solution, continuous
in a point or majorizable (minimizable) on a set of positive measure by a measurable
function, of the functional equation (1) is given by (5), where ¢ is an arbitrary
constant.

We notice that the functions (5) are continuous everywhere, even in the origin,
as

lim ¢x log I x| =o0.

z—0
On the other hand they are differentiable in all points x#0, but not differentiable
in the origin, except for the trivial case ¢ =0, f(x) =0, because

f(®) = f(0)  cxlogax — 0

X X

=clogx

is not defined in x=0 if ¢0. So strictly speaking, if differentiability (i.e., the
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existence of a finite derivative) is required also in the origin, then f(x)=0 is the
only differentiable solution of the equation (1).
Also solved by Michael Goldberg, Washington, D. C.; James R. Kuttler and Nathan Rubenstein,

Johns Hopkins Applied Physics Laboratory (jointly); Kenneth A. Ribet, Brown University; M.
Scarowsky, Montreal, Quebec, Canada; and Stephen E. Spielberg, University of Toledo.

A number of solvers found the function f(x) =%#% In x but failed to note the
lack of a derivative at x=0. Thus they found a function which satisfied the
functional equation which was continuous everywhere but not differentiable
everywhere. One incorrect solution was received.

Zeroes of a Derivative
662. [May, 1967] Proposed by M. B. McNeil, Univeristy of Bristol, England.

It is well known that between two real zeroes of a polynomial with real
coefficients there is located one real zero of its derivative. Consider the more
general question: given the zeroes of a polynomial with possibly complex
coefficients, what can be said about the zeroes of its derivative?

Solution by Kenneth A. Ribet, Brown University.

One can prove the following analogue of Rolle’s Theorem: the zeroes of the
derivative of a polynomial lie in the smallest convex polygon which contains the
zeroes of the polynomial.

Let f(z) =C(z—21)(z—22) - * * (2—2,). Then

f’(Z)=Z": 1 Z": Z— %

f(@) k=1 2 — %% k=1 (2 — z;,)z

Now suppose a is a root of f'(z). If f(a) =0, there is nothing to prove, but if
f(a) 0 we can write

5’: a — 2
=1 (@ — Zk)z
which implies

a=[z":_1_]_1.z";____z>\kzk

k=1 (a - Zk)2 k—1 (a - Zk)2 b=

for numbers \;>0 such that » ;\,=1. Hence a lies in any convex polygon
which contains g;. This proof is given in the form of an exercise by Nehari in his
book, Introduction to Complex Analysis, Page 122.

Solutions or references also given by Huseyin Demir, Middle East Technical University, Ankara,
Turkey; R. J. Driscoll, Loyola University, Illinois; Michael Goldberg, Washington, D. C.; and the
proposer.

Comment on Problem 637

637. [November, 1966, and May, 1967] Proposed by Stanley Rabinowitz, Far
Rockaway, New York.

Prove that a triangle is isosceles if and only if it has two equal symmedians.
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Comment by the proposer.

The published solution only proves half of the theorem. The fact that ¢ and
can be interchanged without affecting the equality only proves that if a =5,
then k,=ks.

Conversely, if k.=Fks, then k.,2=Fk;* which implies that (b?—a?)[4a%?%?
4264 (b2 +a?) +2c5+a2(b2+a?) | =0, which for positive a, b, ¢ implies that a =b.

To see the need for this, suppose

ke = ala + b — 2¢)
By = bla + b — 20),
then ¢ and b can be interchanged without affecting the equality but k, can equal
ky even if a£b, i.e., when a-+b=2c¢; because k,—ky= (¢ —b) (a+b — 2¢).
Comment on Q397
397. [November 1, 1966] Determine
1
lim —¥((n+Dm+2) - (n+n).
n— V(2
[Submitted by Murray S. Klamkin]
Comment by S. Spital, California State Polytechnic College, Pomona.

An alternative solution is provided by a generating power series.
Let a,=(n+1)(n+2) - - - (n+n)/n" and consider

o
> aaam.

n=~0

From the root and ratio tests,

lim e, = lim a, + 1/a,

n—o n—o0
. e+ 1)(2n 4+ 2)
= lim
oo (n 4+ 1)2(1 + 1/n)"
= 4/e.
Erratum
Q411 should read “ . . . two successive odd primes . . .” or . . . two succes-

sive primes greater than two . . .”

THE JOURNAL OF RECREATIONAL MATHEMATICS

The Journal of Recreational Mathematics will publish its first issue in Jan-
uary 1968. JRM will be a quarterly, with a subscription price of $9.00 per year,
$2.25 per single copy and $1.00 a year added for foreign postage. The Journal
will be published by Greenwood Press, Inc., 211 East 43rd Street, New York,
New York 10017, from which subscription information can be obtained.
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QUICKIES

From time to time this department will publish problems which may be solved by laborious
methods, but which with the proper insight may be disposed of with dispatch. Readers are urged
to submait their favorite problems of this type, together with the elegant solution and the
source, if known.

Q420. Show that 2—™ has exactly m digits in its decimal expansion.
[Submitted by Gerald C. Dodds |

Q421. Itis well known that every positive rational can be written

L
2 a
k=1
where the a; are distinct integers. Is the same true if the a; are restricted to be
squares?

[Submitted by Albert Wilansky|

Q422. The Michigan Republicans cry Romney, Romney, Romney, ... The
Nixon Republicans retort No Romney, Romney, Romney, . . .

If NNO=-Romney Romney Romnevy..., a repeating decimal,
and if each letter represents a number from zero to 9, evaluate Romney.

[Submitted by Bart Park]

Q423. Can one find a number (to base 10) which doubles itself on reversing its
digits?
[Submitted by Murray S. Klamkin |

Q424. Prove that two legs of a right triangle cannot have their lengths equal to
twin primes.

[Submitted by John H. Tiner|
(Answers on pages 41-42)
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son, E. Hewitt, L. H. Hook, S. J. Kelly, J. M. Kingston, V. L. Klee, K. Koh, R. R. Korfhage,
D. H. Lehmer, D. Loftsgaarden, E. A. Maier, J. A. Marlin, K. O. May, P. A. Nickel, P. Porcelli,
C. J. Potratz, J. Rabung, W. E. Ritter, R. T. Rockafellar, J. L. Selfridge, R. A. Struble, D. F.
Ullrich, W. R. Utg, F. H. Young, and H. S. Zuckerman.
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“The book attempts to provide a suitable terminal course for students of the arts and social
sciences, stressing the fundamental concepts and applications of mathematics rather than its
formal techniques. However, considerations of this kind would also be beneficial for students of the
sciences and prospective teachers of secondary school mathematics who are commonly and naively
supposed to acquire an understanding of the reasonableness and relevance of mathematics by
osmosis during courses devoted largely to memorized and regurgitated techniques.”

Introductory Mathematical Analysis, 2nd ed. By E. D. Eaves and R. L. Wilson. Allyn and Bacon,
Boston, 1964. vii+496 pp. $8.75.

Calculus and Analyiic Geometry. By J. R. Britton, R. B. Kriegh, and L. W. Rutland. W. H. Free-
man, San Francisco, 1966. xiii-+1069 pp. $12.50.
A condensation and rearrangement of the authors’ two-volume University Mathematics I, I1.

Calculus and Analytic Geometry, 2nd ed. By A. Schwartz. Holt, Rinehart and Winston, New York,
1967. xiv+41008 pp. $12.50.

Technical Mathematics with Calculus, 2nd ed. By H. S. Rice and R. M. Knight. McGraw-Hill,
New York, 1966. xviii-+908 pp. $8.50.

Modern Geometry, 2nd ed. By C. F. Adler. McGraw-Hill, New York, 1967. xi+302 pp. $8.75.

More Fun with Figures. By J. A. H. Hunter. Dover, New York, 1966. x+116 pp. $1.00 (paper).
Originally published by Oxford University Press under the title Figurets: More Fun with
Figures.

Number, The Language of Science, 4th ed., rev. and augmented. By. T. Dantzig. Free Press (Mac-
millan), New York, 1967. ix+340 pp. $2.45 (paper).

Introduction to Finite Mathematics, 2nd ed. By J. G. Kemeny, J. L. Snell, and G. L. Thompson.
Prentice-Hall, Englewood Cliffs, N. J., 1966. xiv+465 pp. $8.95.
It is interesting to note that a Russian translation of the first (1957) edition was published in
1965.

Modern Elementary Statistics, 3rd ed. By J. E. Freund. Prentice-Hall, Englewood Cliffs, N. J.,
1967. x+432 pp. $9.25.

Introduction to Probability and Statistics, 2nd ed. By B. W. Lindgren and G. W. McElrath. Mac-
millan, New York, 1966. ix-+288 pp. )

Introduction to Probability and Statistics, 2nd ed. By W. Mendenhall. Wadsworth, Belmont, Calif.,
1967. xiii+393 pp. $8.50.

The Teaching of Secondary Mathematics, 4th ed. By C. H. Butler and F. L Wren. McGraw-Hill,
New York, 1965. x+613 pp. $8.50.

The Theory of Arithmetic, 2nd ed. By J. A. Peterson and J. Hashisaki. Wiley, New York, 1967.
xiv+337 pp. $7.50.

Art and Geometry. By W. M. Ivins, Jr. Dover, New York, 1964. x+113, pp. $1.00 (paper).
Originally published in 1946 by Harvard University Press.

ANSWERS

A420. Writing 2= (5/10)»=5".10—" demonstrates the desired result since 5™
never ends in zero. '

A421. With the given restriction on the a;, we have Zak“l < o, Thus any suffi-
ciently large number cannot be represented.

A422. Since there are six different letters in Romney, the length of the period
in the repeating decimal must be six. The only digital divisor to yield such peri-
ods is seven. So O is seven. N may be any digit between one and six. Four is the
only one which meets specifications. 4/7=.571428 574128 - - - Romney
=571428.
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A423. No. Let the number be of the forma - - - b thend - - -a=2(a - - - b).
Now a can be 0, 1, 2, 3, or 4 and corresponding to these values b can be (0),
(2, 3), 4, 5), (6, 7) or (8, 9), respectively. By comparing the last digits, none of
these are possible.

A424. Suppose p, p+2 are twin primes such that p24(p+2)2=~k2, with £ an
integer. Then 2p2+44p+4=k2 This implies that k2 hence & is even. Let k=2n.
Then 2p*+4p+4=4n? or p2+2p+2=n2 The left hand side is odd since p is
odd. The right hand side is even. Therefore, no solution is possible.

(Quickies on page 50)

PROBLEMS AND SOLUTIONS

Epi1TED BY ROBERT E. HorTON, Los Angeles City College

Readers of this department are invited to submat for solution problems believed to be new
that may arise in study, in research, or in extra-academic situations. Proposals should be ac-
companied by solutions, when available, and by any information that will assist the editor. Or-
dinarily, problems in well-known textbooks should not be submitted. Solutions should be
submitted on separate, signed sheets. Send all communications for this department to Robert E.
Horton, Los Angeles City College, 855 North Vermont Avenue, Los Angeles, California 90029.

PROPOSALS
677. Proposed by Charles R. Wall, University of Tennessee.

Various states have sales tax rates of 0, 2, 2.25, 2.50, 3, 3.50, 4, and 5 percent.
Knowing these rates, what is the smallest amount (before tax) one would have
to spend to determine the tax rate:

(1) in a single purchase?

(2) in as many purchases as desired?

678. Proposed by Charles W. Trigg, San Diego, California.

From an 8 by 8 checkerboard, the four central squares are removed.

a) Show how to cover the remainder of the board with right trominoes so as
to have no fault line, or exactly two fault lines, or three fault lines.

b) Show that no covering with right trominoes can have four fault lines.

A right tromino is a nonrectangular assemblage of three adjoining squares.
A fault line has its extremities on the perimeter so that a portion of the con-
figuration may be slid along it in either direction without otherwise disturbing
the relative position of its parts.

679. Proposed by Gerald C. Dodds, HRB-Singer, Inc., State College, Pennsyl-
vania. '

Prove that 2e<1+afor0<a<1.

680. Proposed by Huseyin Demir, Middle East Technical University, Ankara,
Turkey.

Let E be an ellipse and ¢, '’ be two variable parallel tangents to it. Consider
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A ground-breaking new book
by the author of
THE NEW MATHEMATICS

Once again Irving Adler leads the way

Groups in with this treatment of a mathematical

subject that will be receiving increasing
attention. GROUPS IN THE NEW MATHE-
the New MATICS presents a basic explanation of
what a group is and acquaints the reader

Mathematics with certain important groups through

familiar examples. For everyone inter-
ested in mathematics (especially the
by teacher, since groups may soon be a part
of the curriculum as early as the seventh

IRVING grade) here is lucid, stimulating reading.

With 168 diagrams by Ruth Adler and

ADLEB Ellen Viereck, 327 exercises, answers to
exercises, index.

$7.95 at all bookstores, or from

THE JOHN DAY COMPANY Sales Office: 200 Madison Ave., N.Y. 10016

Are You Interested. ..

. in receiving guidance material, film manuals, and other reports of
the Committee on Educational Media (CEM). If so, write for our current

List of Free and Inexpensive Material.

MATHEMATICAL ASSOCIATION OF AMERICA
SUNY at Buffalo (University of Buffalo)
Buffalo, NY 14214
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3 new texts from Macmillan

Contemporary College Algebra and Trigonometry
By William A. Gager, University of Florida

‘Written in modern mathematical language, this book is designed
to encourage, motivate and guide students toward a clear under-
standing of the fundamentals of algebra and trigonometry. After
the basic ideas of set theory and the real number system have been
developed, the dominant feature is the concept of function and re-
lation. Special emphasis is placed on computing with approximate
data, and on the study of inverse functions and the development
of the sine and cosine functions. The book concludes with a modern
introduction to probability. Over 250 illustrations and tables of
functions, logarithms, and powers and roots of numbers are in-
cluded in the text, along with exercises and answers to odd-
numbered problems. A Solutions Manual is available, gratis.

1968, approx. 416 pages, prob. $7.95
Contemporary Arithmetic

By Thomas C. Crooks and Harry L. Hancock,
both of Contra Costa College

‘Written for students who are deficient in arithmetic, this text
presents basic computational methods, utilizing over 8000 inten-
sive drill problems in exercise sets, chapter tests, summary tests,
and review tests. The exposition beging with an explanation of
natural numbers (and addition, subtraction, multiplication, and
division) and proceeds to common and decimal fractions, percent,
denominate numbers, involuations, and introductory plane and
solid geometry. A second color and over 150 illustrations are used
to emphasize important concepts. The answers to selected prob-
lems are included in the text, and a Teacher’s Manual is available,
gratis.

1968, approx. 304 pages, prob. $5.95

Modern Plane Geometry for College Students

By Herman R. Hyatt and Charles C. Carico,
both of Los Angeles Pierce College

This modern text for one semester courses meets the needs of both
the terminal student and the student who will proceed to fur-
ther mathematical studies. A careful distinction is made between
geometric entities and their measures and the concept of “proof”
is given special attention. “A” or “A” and “B” sets of problems
permit the instructor to use the text effectively in either three or
five semester-hour courses. A second color is used functionally to
illustrate ideas. Answers to odd-numbered problems appear in the
appendix, and a Solutions Manual is available, gratis.

1967, 414 pages, $7.95

Write to the Faculty Service Desk for examination coptes.

THE MACMILLAN COMPANY
866 Third Avenue, New York, New York, 10022
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Outstanding New Texts from Macmillan

Arithmetic: Concepts and Skills

By Murray Gechtman and James Hardesty,
both of Los Angeles Pierce College

This text for remedial arithmetic courses offers clear explanations
of basic concepts, accompanied by over 2500 effective drill exer-
cises. The system of whole numbers is first presented through the
primitive notion of sets. The text then considers integers, rational
numbers, and real numbers. Exercises include problems in per-
centage, ratio, proportion, area, volume, and computation in place
value systems with bases other than ten. A second color graphi-
cally emphasizes important concepts. Answers to odd-numbered
problems are included in the text; a Solutions Manual, available
gratis, provides answers to even-numbered problems.

1968, approx. 272 pages, prob. $5.95

Introduction to Statistics
By Ronald E. Walpole, Roanoke College

For students majoring in any academic discipline, this text
draws its numerous illustrative examples and exercises from many
different fields of application. Requiring only high school algebra,
the text is modern in approach and includes discussions of decision
theory and Bayesian statistics. It is based on the premise that
statistics can best be taught by first introducing the fundamental
concepts of the theory of probability based on set theory.

1968, approx. 804 pages, prob. $7.95

Trigonometry: An Analytic Approach

By Irving Drooyan and Walter Hadel,
both of Los Angeles Pierce College

Designed for use in either semester or quarter courses in trigon-
ometry, this text emphasizes those topics that are particularly im-
portant for students who will continue their study of mathematics
or enter fields which require a strong mathematical background.
Modern concepts and notations, and a review of the real number
system, are presented in the first chapter. Each of the chapters
containg graded exercises, designated A, B, and C, to permit
greater flexibility depending on the instructional level and length
of the course. A second color is used throughout to emphasize im-
portant concepts, and chapter summaries are included. A Teach-
er’s Supplement and Solutions Manual may be obtained gratis;
Progress Tests and Answers to Progress Tests are available.

1967, 308 pages, $5.50

Write to the Faculty Service Desk for examination copies.

THE MACMILLAN COMPANY
866 Third Avenue, New York, New York, 10022
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FROM McGRAW-HILL

ELEMENTARY ALGEBRA: STRUCTURE AND USE
By Raymond A. Barnett, Merritt College. Available Spring

An introductory text for students with little or no background in algebra. The embhasis
is on structure and unifying ideas: The construction of the real number system from the
natural numbers forms the logical basis for the text. Axioms, definitions, and theorems
are carefully stated and amply motivated. Presents a highly motivated development of
algebra, featuring sound mathematics, significant applications, and skill development.

ANALYTIC GEOMETRY: Third Edition

Ross E. Middlemiss, Washington University; John L. Marks, and James R. Smart, both of
San Jose State College, Calif. Available Spring

This text is designed to be used for a separate course in analytic geometry to be taken
prior to the calculus. The best features of the first two editions have been retained in this
revision, while the vocabulary and notation have been added. The most significant
changes in the revision are the reorganization to incorporate material on parametric
equations and polar coordinates in early chapters, the introduction of vectors and vector
methods where appropriate, and the reorganization of the work on conics and algebraic

equations.

INTRODUCTION TO MODERN MATHEMATICS
By Nathan J. Fine, Pennsylvania State University. 509 pages, $8.50

““This exceptionally readable text is accompanied by a thorough index and bibliography.
A wide and varied selection of problems is graduated according to increasing difficulty
and accompanied by a large selection of solutions and answers. Without doubt, Fine’s
strong presentation will stand as one of the outstanding introductory works to theoretical
mathematics.”” Choice Magazine—September 1965.

McGRAW-HILL BOOK COMPANY
330 West 42nd Street, New York, N.Y. 10036
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It is commonly recognized that inadequate communication exists
between the mathematician and general public. And now some-
thing has been done about it:

THE NATURE OF MATHEMATICS

By Frederick H. Young, Oregon State University. With this new book, the gen-
eral reader or student can readily and quickly acquire a remarkable understand-
ing of some of the aims, techniques and results of modern mathematics.

He will, for example, be led from the intuitive algebra of sets to the abstract
Boolean algebra, which in turn will lead him through application to switching
circuits and to logic.

This unique development from the concrete to the abstract and back again is
particularly successful in providing both understanding and an increased facility
in logical manipulation. Throughout the book, the unifying concepts of mathe-
matical structure and the algorithm are emphasized. A detailed instructor’s
manual is available. 1968. 407 pages. $7.50.

Other books of interest

BASIC PROGRAMMING

By JOHN G. KEMENY and THOMAS E. KURTZ, both of Dartmouth College. Serving as an introduc-
tion to the language BASIC, simplest of the powerful computing languages, this book is designed
to help the beginner learn computer programming quickly and easily. No previous knowledge of
computers is required. Programming techniques are presented through examples and applications
that include a large selection of interesting problems. 1967. 122 pages. $4.95.

COLLEGE GEOMETRY

By LAWRENCE A. RINGENBERG, Dean of the College of Letters and Science, Eastern Illinois
University. Contains an informal summary of elementary Euclidean geometry, a formal modern
development of the basic concepts of elementary geometry, and a selection of topics in advanced
Euclidean geometry. 7968. 308 pages. $8.95.

ELEMENTARY ALGEBRA FOR COLLEGE STUDENTS Second Edition

By IRVING DROOYAN and WILLIAM WOOTON, both of Los Angeles Pierce College. The new
edition features the functional use of a second color to increase the emphasis on how to perform
operations, to highlight the introduction of new vocabulary and to set off formal statements of
standardized procedures. 1968. 302 pages. $6.95.

PLANE TRIGONOMETRY Second Edition

By NATHAN O. NILES, U. S. Naval Academy, Annapolis. This new edition includes improved
problems, the definition of a function in terms of sets, more use of vectors in discussing complex
numbers, a new section on logarithmic and exponential equations, and an instructor’s manual.

1968. 282 pages. $5.95.

JOHN WILEY & SONS, inc. 605 Third Avenue, New York, N.Y. 10016
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MATHEMATICS: The Alphabet of Science

By MARGARET F. WILLERDING, San Diego State College; and RUTH A. HAYWARD,
General Dynamics, Convair Division. The general reader or student with little or no
mathematics background can read this text with understanding and gain an apprecia-
tion of the beauty and scope of mathematics. The explanations are detailed and clear.
The topics are simple yet profound. They have applications in other fields, and are
selected from both classical and modern mathematics. Most of the chapters are com-
pletely independent and may be studied according to the interest of the reader. The
book enables him to develop insight into logic, number theory, mathematical systems,
probability, matrix algebra, computer programming and other exciting topics.

1968. in press.

ELEMENTARY LINEAR ALGEBRA

By L. H. LANGE, San Jose State College. Provides an understandable first course on the
theory of vector spaces and matrices, with introductory comments on the theory of
groups and other mathematical systems. Features an unusually clear introduction to the
simplex method of linear programming. 1968. Approx. 392 pages. $9.50.

COLLEGE ALGEBRA Second Edition

By ADELE LEONHARDY. In the second edition of this successful text, the presentation
is even clearer and more effective—the emphasis on logical structure is strengthened—
and even greater attention has been given to definitions, postulates, and theorems.
New material has been added on circular and trigonometric functions, on disjunction
and conjunction of propositions, on symmetry and on graphical solutions of systems of
inequalities. 1968. Approx. 496 pages. $7.95.

CALCULUS An Intuitive and Physical Approach

In two parts

By MORRIS KLINE, The Courant Institute of Mathematical Science, New York University.
“Your calculus book is one of the very few | have seen that seriously tries to give the
beginning student a feeling of what it is all about, where it started, how the arguments
between Leibnitz and Newton affected things and, above all, why!”—Alvin M. Weinberg,
Oak Ridge National Laboratory. A teacher’s manual is available with full solutions to
all problems and details for handling the physical problems.

Part1:1967. 574 pages. $9.95. Part2:1967. 415 pages. $8.95.

CALCULUS FOR ENGINEERING TECHNOLOGY

By WALTER R. BLAKELEY, Ryerson Polytechnical Institute, Toronto. Features an abun-
dance of worked-out problems and many exercises. 7968. Approx. 480 pages. $8.95.

JOHN WILEY & SONS, inc. 605, Third Avenue, New York, N.Y. 10016
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MAA Studies in Mathematics

This series is intended to bring to the mathematical community expository
articles at the collegiate and graduate level on recent developments in Mathe-
matics. A new volume was published in the summer of 1967. Its title and
contents are:

Volume 4: Studies in Global Geomeiry and Analysis
Edited by S. S. Chern

Introduction S. S. Chern
What is analysis in the large? Marston Morse
Curves and surfaces in euclidean space S. S. Chern
Differential forms Harley Flanders
On Conjugate and cut loci S. Kobayashi
Surface area Lamberto Cesari
Integral Geometry L. A. Santalo

Each individual member of MAA may purchase one copy of Volume 4 for
$3.00. One copy of each of Volumes 1, 2, 3 (described below) may be purchased
by individual members of MAA for $3.00. Orders with payment should be sent to:

Mathematical Association of America
SUNY at Buffalo (University of Buffalo)
Buffale, New York 14214

Additional copies of Volumes 1-4 and copies for nonmembers may be pur-
chased for $6.00 from Prentice-Hall, Inc., Englewood Cliffs, New Jersey 07631.
Volumes already published are:

Volume 1: Studies in Modern Analysis. R. C. Buck editor. Papers by E. J.
McShane, M. H. Stone, E. R. Lorch, Casper Goffman.

Volume 2: Studies in Modern Algebra. A. A. Albert, editor. Papers by
Saunders MacLane, R. H. Bruck, C. W. Curtis, Erwin Kleinfeld, L. J. Paige.

Volume 3: Studies in Real and Complex Analysis. 1. 1. Hirschman, Jr., editor.
Papers by H. J. Bremermann, L. M. Graves, Einar Hille, I. I. Hirschman, Jr.,
D. V. Widder, H. H. Schaefer, Guido Weiss, Harold Widom.
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Availahle Now

CALCULUS AND ANALYTIC GEOMETRY,
Second Edition

Abraham Schwartz, The City College of the City University of New York

As in the first edition, this text for the introductory calculus course begins with chapters
on the differential and integral calculus which rest on an intuitive basis rather than an
abstract one. In the second edition, the definition of ‘'function’” at the beginning of
the book has been rewritten in more precise terms, and the first intuitive definition for
integrals in the second chapter has been improved. A completely new feature is the
addition of a chapter on differential equations. This chapter places more emphasis
than usual at this level on uniqueness theorems. It also treats physical application,
especially for linear equations with constant coefficients. A solutions manual and a

booklet offering additional answers to alternate exercises have been provided.

A partial list of adoptions includes: MIT ® Bemidiji St. College ® University of Colorado
® University of Pittsburgh ® UCLA ® University of California, Santa Barbara ® Univer-
sity of Washington ® University of Nebraska ® Stanford University ® Rio Hondo Jr.
College ® Brigham Young University ® Nassau Community College ® Staten Island
Community College ® Suffolk Community College ® Manhattan College, N.Y. ® Cooper
Union ® CCNY ® McGill University

1967 1024 pp. $12.50

Goming in 1968

MATRICES AND LINEAR ALGEBRA

Hans Schneider and George P. Barker, both of the University of Wisconsin, Madison

Intended for students of mathematics as well as of other disciplines, this book combines
concrete aspects of the subject with more abstract facets to provide a balance not
found in other texts.

February 1968 352 pp. $7.00 (tent.)
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INTRODUCTION TO COLLEGE MATHEMATICS
Vincent H. Haag and Donald W. Western, both of Franklin and Marshall College

Providing a good background to finite mathematics, linear and abstract algebra, and
introductory topics in calculus, this text establishes a natural progression of mathe-
matical ideas rather than a succession of isolated topics.

March 1968 640 pp. $8.95 (tent.)

A SURVEY OF MATHEMATICS: Elementary Concepts
and Their Historical Development
Vivian Shaw Groza, Sacramento City College

Designed for students with litle or no background in mathematics, this text uses a his-
torical framework to introduce the various branches of mathematics and to develop an
appreciation and understanding of the relationships of mathematics to the modern world.

March 1968 352 pp. $7.95 (tent.)

FOUNDATIONS OF EUCLIDEAN AND
NON-EUCLIDEAN GEOMETRY
Ellery B. Golos, Ohio University

At an elementary level, this book presents Euclidean geometry as well as developments
in axiomatic mathematics. The discussion of the axiomatic structure of mathematics will
be of particular interest to prospective teachers because it supplements the School
Mathematics Study Group approach to the teaching of geometry that is now coming
into use in high schools.

March 1968 320 pp. $8.50 (tent.)

TRIGONOMETRY: A Study of Certain Real Functions
Donald R. Horner, Eastern Washington State College

A very modern treatment of trigonometry, this work makes the student understand in
detail the concept of the function and some of its implications. All the basic properties
(being, 1:1, onto, bounded, periodic) are discussed as are inverses and compositions of
functions. The trigonometric functions are defined in terms of compositions and quotients
but only after the student is adequately prepared in the theory of a function.

February 1968 228 pp. $6.95 (tent.)

Hoil, Rinenart and Winston, Inc.

383 Madison Avenue, New York, New York 10017
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Medern Algebra and Trigonomeiry
Second Edition

By ELBRIDGE P. VANCE, Oberlin College

The second edition of this widely-used text has
as its aim the education of the student in the nature
of mathematics as a logical system. It offers a uni-
fied treatment of algebra and trigonometry and
may be used in either a one- or two-semester
course.

This edition includes new and detailed material
on matrices and a new approach to vectors. Both
of these topics are recommended in any modern
approach to mathematics at this level, and both
provide preparation for later courses in linear alge-
bra. New problems have been added, including five
new sets of review problems.

c. 416 pp. 102 illus. $8.95

Sets, Functions, and Probability

By JOHN B. JOHNSTON, General Electric Re-
search and Development Center, G. BALEY
PRICE and FRED S. VAN VLECK, The Uni-
versity of Kansas

This book is intended to provide a solid foun-
dation in sets, functions, and probability, while giv-
ing a large number of applications of these subjects
in a wide variety of fields.

Illustrations, applications, and exercises are
chosen largely from the fields of business and man-
agement sciences, the biological sciences, and the
social sciences. Many of these have not appeared
previously in an elementary textbook.

376 pp. 115 illus. $9.50

The Elementary Functions

By CHARLES R. FLEENOR, Ball State Univer-
sity, MERRILL E. SHANKS, Purdue University,
and CHARLES F. BRUMFIEL, University of
Michigan

Providing the necessary foundation for a stand-
ard calculus course, this text covers polynomial,
rational, exponential, logarithmic, and trigonome-
tric functions. Analytic geometry of the plane and
space are also included, as well as a chapter on
conic sections.

The treatment of these topics conforms to the

recommendations of the Committee on the Under-
graduate Program in Mathematics (CUPM) of the
Mathematical Association of America.

In Press

Calculus and Analytic Geometry
Fourth Edition

By GEORGE B. THOMAS, JR., Massachusetts
Institute of Technology

Part 1: Functions of One Variable and Analytic
Geometry

Part 2: Vectors, Linear Algebra, and Functions of
Several Variables

This latest edition of a widely-used text for stu-
dents of science and engineering retains all of the
distinguishing features for which it is well known.
In addition, many features have been added for
greater teaching effectiveness.

In a new chapter on limits, the author uses the
theory to prepare for the application to the formal
techniques of differentiation. Two new chapters
have been added on linear algebra and vector anal-
ysis. This edition also includes a full treatment of
areas, limits, Riemann sums, and the fundamental
theorems of calculus, and a discussion of Kepler’s
laws of motion. Applications to_artificial earth
satellites and planetary orbits are given.

In Press

A Modern Introduction to Basic
Mathematics, Second Edition

By MERVIN L. KEEDY, Purdue University

This revision of a highly successful text in-
corporates numerous changes and improvements
suggested by users of the first edition. In addition,
a new chapter on probability has been added and
the exercise sets have been expanded and aug-
mented.

The goal of the book remains the same: to pro-
vide an early introduction to abstractions, proofs
and foundations without the need for heavy mathe-
matical prerequisites. This feature makes the text
particularly valuable to prospective teachers and
to students seeking a terminal course in mathema-
tics.

In Press

FOR FURTHER INFORMATION WRITE DEPT. A-999

Addison-Wesley

PUBLISHING COMPANY, INC.

Reading, Massachusetts 01867

THE SIGN OF
EXCELLENCE
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FORTHCOMING FROM HOUGHTON MIFFLIN . . .

<

A new series in four volumes for the
two-year college calculus sequence by

Albert A. Blank

Courant Institute of Mathematical Sciences, New York University

Volume I: DIFFERENTIAL CALCULUS

About 350 pages An April 1968 Publication

Volume II:  INTEGRAL CALCULUS—Summer 1968

Volume Ill: APPLICATIONS OF ONE VARIABLE CALCULUS LINEAR
ALGEBRA

Spring 1969

Volume IV: MULTIVARIATE CALCULUS AND ITS APPLICATIONS
Spring 1969

An unusually comprehensive Commentary. and Solutions Manual will be
available for each of the four volumes.

NEW COLLEGE ALGEBRA
Marvin Marcus and Henryk Minc
both of the University of California, Santa Barbara

NEW COLLEGE ALGEBRA presents modern algebra for the precalculus
student. Introducing the concept of sets and consistently emphasmng func-
tions, it gives the student a feeling for “modern algebra™ as well as an in-
troduction to linear algebra. Each section of the book is concluded with a
synopsis of content, a true-false definition quiz, and exercises.

About 300 pages A Spring 1968 Publication

INTRODUCTION TO MATHEMATICS, Third Edition
Hollis Cooley and Howurd Wahlert
both of New York University

This is a thoroughly modernized revision of the highly successful second
edition by Cooley, Gans, Kline, and Wahlert. Introducmg students in termi-
nal mathematics courses to a wide range of topics, it presents elementary
material in a framework of sets, and uses a functions approach in the chap-
ters on algebra, trigonometry, and introductory calculus. Exercises follow
each chapter. A solutions manual is available.

About 530 pages A Spring 1968 Publication

] o
"n“un“ln MI"'I“ Boston / Atlanta/ Dallas / Geneva, lll./ New York / Palo Alto
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Beginning with simple examples related to man’s physi-
cal world, Spooner and Mentzer transport the student
to the further abstractions of man’s conceptual worid
of numbers.

available in January

INTRODUCTION TO
NUMBER SYSTEMS

George A. Spooner and Richard L. Mentzer, both of
Central Connecticut State College

Starting with sets and set operations, this book demonstrates
how the cardinal numbers emerge as a basic characteristic of
sets. Using this concept students observe the interrelationships
which exist between various kinds of number systems.

The material in this text satisfies the CUPM Level | recommen-
dation for Course A. This is accomplished through the treat-
ment of the natural number systems and the extensions which
ultimately lead to the real numbers.

class-tested

During a two year period of class-testing prior to publication,
over 2,500 students successfully used this text. (This includes
both liberal arts and non-mathematics education majors.)

contents

Introduction. Sets. Relations, Functions, and Operations. Struc-
ture and Mathematical Systems. Numeration Systems. The
Natural Number System. The Integral Number System. The
Rational Number System. The Real Number System. Answers
to Exercises. Index. January 1968, 336 pp., $7.95

for approval copies, write: Box 903

PRENTICE-HALL, Englewood Ciiffs, N.J. 07632
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